Multiclass Classification

Pontus Giselsson



Learning goals

Know multiclass logistic regression and SVM and their purpose
Understand the logistic regression cost function
Understand dual multiclass SVM formulations

Be able to predict class beloning from dual SVM solutions



What is multiclass classification?

® We have previously seen binary classification

® Two classes (cats and dogs)

® Each sample belongs to one class (has one label)
® Multiclass classification

® K classes with K > 3 (cats, dogs, rabbits, horses)

® Each sample belongs to one class (has one label)
® (Not to confuse with multilabel classification with > 2 labels)



Multiclass classification from binary classification

® 1-vs-1: Train binary classifiers between all classes
® Example:

cat-vs-dog,
cat-vs-rabbit
cat-vs-horse
dog-vs-rabbit
dog-vs-horse
rabbit-vs-horse

® Prediction: Pick, e.g., the one that wins the most classifications

® Number of classifiers:

K(K-1)
2

® 1-vs-all: Train each class against the rest
® Example

cat-vs-(dog,rabbit,horse)
dog-vs-(cat,rabbit,horse)
rabbit-vs-(cat,dog,horse)
horse-vs-(cat,dog,rabbit)

® Prediction: Pick, e.g., the one that wins with highest margin
® Number of classifiers: K
® Always skewed number of samples in the two classes



Multiclass classification

Labeled training data {(z;,v:)}Y
K > 3 classes and class labels (responses) y € {1,...,K}
Training problem, find model parameters 6 that solve

N
minigmize Z L(m(x;;0),v:)
=1
Prediction: Based on model output

We will cover:

® Multiclass logistic regression
® Two multiclass SVM versions



Multiclass Logistic Regression



Multiclass logistic regression

K classes in {1,..., K} and data/labels (z,y) € X x Y
Labels: y € ¥ = {e1,...,ex} where {e;} coordinate basis
® Example, K = 5 class 2: y = ez = [0,1,0,0,0]
Objective: Find 6 such that o(m(z;60)) —y ~ 0 where
® 5:R¥ = conv(Y) is a fixed-function
® m: X — RX has K regression models, one per class:
ma(x;01) wliz + by
m(z;0) = = :
mg(x;0K) wkr + bg
Want to find § and select o such that:

® m;(x;0;) > 0, if label y = e; and m;(x;0;) K 0if y # e;
® gi(m(x;0)) = 1, if label y = ¢; and o;(m(z;0)) =0 if y # e



Multiclass logistic regression — o

e For Y ={ey,...,ex}, conv(Y) = Ag, where
AK:{veRK:viZOand lTvzl}
is probability simplex on RX we want o : RE — Ay
® The softmax function o : RX — A with u = (uy, ..., uk)

u
el

1

o= |
Zj:leuj QUK

satisfies this and is gradient of convex function
® Graph for o1(uq1) for some fixed uz, ..., ux

T

® Model m;(z;6;) — oo, other outputs fixed = o(m(z;0)) — e;




Two-class logistic regression — o

® Let u = (u1,us) and use o : R? — A%

— 1 et
U(u) - eul + eu2 e’U,Q

that satisfies
® mi(x;01) — oo and ma(x;62) fixed = o(m(z;0)) — (1,0)
® my(x;62) — oo and m(x;61) fixed = o(m(z;0)) — (0,1)
® Will see this two-class version can give standard logistic regression




Multiclass logistic regression — Loss function

® Primitive function of softmax

K
(/O’(’U)d?)) (u) = log Ze“j

j=1
® Same cost construction as for logistic regression,

Liuy) = ( / a(v)dv) (u) — uTy

K
= log Ze“f —uly
j=1

K

K
“tog S | = S, =
j=1

Jj=1

with last step since y € {e1,...,ex}
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Multiclass logistic loss function — Example

® Multiclass logistic loss for K =3, u; =1, y = e;
L((17u27u3)7 1) = log(el +e" + eUB) -1

® Increasing model outputs ug or ug gives higher cost
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Multiclass logistic regression — Training problem

Affine data model m(x;6) = w”z + b with
w=|wi,...,wg] € RVE b=by,...,0]T € RE

One data model per class

Training problem:

N

mlmmlze Z L(m(x:;6),v:)
i=1

N K
Z Zew zi+b; | _ Zﬂ(yj = 1)(11);‘-,1&62‘ + bj)
i=1 Jj=1

Problem is convex since affine model is used
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Multiclass logistic regression — Prediction

Assume model is trained and want to predict label for new data =
o(m(x;0)) outputs probability of class belonging for all K classes
The jth output, o;(m(z;6,)), is probablity for class j

Predict label of = based on highest probability
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Reduces to standard logistic regression

e Consider two-class version and let
L4 AUZU,1 — Uu2, szwl — W2, and Abzbl —bz
Au = mpin(2;0) = ma (x;01) — ma(z;02) = AwTz + Ab
Ybin = 1 if y = (1,0) and ypin =0 if y = (0,1)
O'bin(Au) = HTl—ATL
® | oss L is equivalent to nominal, but with different variables

L(u,y) = log(e"" + ") — yr1u1 — yauz

= log (1 + 6“17“2) + log(e"?) — y1u1 — yoaus
= log (1 + e&‘) —y1ur — (y2 — Duz

= log (1 + eAu> — YoinAu
® o is equivalent to nominal, but with different input

0= s [ = [ - Pl

- [1 ib;nbfﬁgu)}
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Multiclass logistic regression — Example

® Problem with 7 classes
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Multiclass logistic regression — Example

® Problem with 7 classes and affine multiclass model
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Multiclass logistic regression — Example

e Same data, new labels in 6 classes
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Multiclass logistic regression — Example

e Same data, new labels in 6 classes, affine model
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Multiclass logistic regression — Example

e Same data, new labels in 6 classes, quadratic model
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Features

® Used quadratic features in last example
® Same procedure as before:

® replace data vector z; with feature vector ¢(z;)
® run classification method with feature vectors as inputs
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Regularization

® Tikhonov regularization to avoid overfitting

® Penalize all w; vectors (not bias terms b;):

N K K
mingie’3 (g (377 ) —yTmfai) + 33
i=1 j=1 j=1
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Multiclass SVM
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Deriving multiclass SVM

® Rewrite binary SVM with two models instead of one

® Generalize this model in two different ways
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Rewrite binary SVM

® Introduce one model model per class label (y € {1,2}):
my(2;01) = wl x + by ma(x;02) = wa x + by

® We want class i to satisfy m;(z;6) > 0 for i = 1,2
® Define confidence for each class in relation to the other:

1:2(36) = ma(z301) — ma; 02
c,1(:0) = ma(x; 02) — ma (x; 01)
® ¢ 9(zi;0) > 0 confident that y; = 1

® co1(x:;0) > 0 condident that y; = 2
® Note that c1,2(x:;0) = —c2,1(z4;0)
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SVM loss

Penalize confidence for the two classes using hinge loss

‘ c1,2(x; 0) ‘ c2,1(x; 0)
costify=1 cost if y =2
Find parameters 0 to have high confidence (low cost) for y =i
c1,2 = —c2,1: high confidence in one gives low confidence in other
Let y¢ = {1,2}\y; be complement and define training problem:
N
inimi 0,1 —cy, ye(x;0
mmlemlze; max Cy, e (2;0))
P

Convex: sum of convex functions composed with affine mappings
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Equivalent to standard formulation

® Training problem can be written as

N
miniemize Z max (0,1 —my, (74 0,,) + mye (255 0,¢))
i=1

N
:Zmax((), 1- (ngz +by,) + (wipxl + bye))
i=1
® Change of variables 6 = 6,, — 0, gives equivalent problem

N
o . . _ L T .
minimize ; max (0,1 — 2(y; — 1.5)(w" x; + b))

—Zmax 0,1 —2(y; — 1.5)m(x;0))

i.e., SVM hinge loss since labels 2(y; — 1.5){1,2} = {—1,1}
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Multiclass SVM

® |n binary SVM, confidence of label w.r.t. to complement
® |n multiclass SVM, complement is more than one class

¢ Will compare to complement in two different ways
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Multiclass SVM — Max version

® Multiclass SVM labels y € Y = {1,..., K}
® Max version: Hinge on smallest confidence w.r.t. other classes

max(0,1 — min ¢, ;(z;0
(0.1 min ¢, ;(z:6))

min ¢y j(x; 60
| ;min e1,5(@;0)

costify=1

® |oss can be written as
max(0,1 — min ¢, ;j(z;60)) = max (0,1 — ¢, ;(x;;0
(01— min ,5(z:6)) = max (0,1 = ,.5(z::0)

= jrgyagy(ﬁ L —my(z;0,) +m;(z;0;))
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Multiclass Max-SVM

® Define loss

L(u,y) = max (0,1 — uy + u;)

JEV\yY
® let m = (my,...,mg) and define training problem
N N
minimize Z L(m(x;;0),y;) = max (0,1 —my, (z;;6y,) +m;(x;:;0;)
o i=1 i=1 I €Y\

® Prediction: Predict class belonging of new data x:

let ¢, == jIenji}I\ly ¢y.j(z;6) and select y € ) that gives largest ¢,

i.e., select the one with highest minimum confidence
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Multiclass SVM — Sum version

® Multiclass SVM labels y € Y = {1,..., K}
® Sum version: Sum hinge on confidence w.r.t. all other classes

Z max(0,1 — ¢, j(x;6))

JEV\y
® | oss can be written as

Z max(0,1 — ¢, j(z;0)) = Z max (0, 1 — my(z;60,) +m;(x;0;))
JEV\yY JEV\yY
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Multiclass Sum-SVM
® Define loss

L(u,y) = Z max(0,1 — uy + uy)
JEV\Y
® Let m = (mq,...,mg) and define training problem

N
inimi L(m(zi;0), y;
mmlgmlzez m(x;;0),y;)

Z max(0, 1 — my, (i;6y,) + m;(z:;0;))

”Mzi

® Prediction: Predict class belonging of new data z:

let ¢, := Z cy,j(x;0) and select y € ) that gives largest c,
JEX\Y

i.e., select the one with highest average confidence
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Comparing Max-SVM and Sum-SVM losses

® Multiclass Max-SVM and Sum-SVM for K =3, u; =1,y =1

L((1,ug2,us3),1) = max(0, ug, ug)
L((1,ug,u3),1) = max(0, us) + max(0, us)

® Max-SVM similar to multiclass logistic loss, but sharp corners




Tikhonov regularized versions

® State versions with feature maps ¢ and without bias terms b,
® Regularized multiclass Max-SVM training problem

K
minielrnizez1 _max‘(O7 1-— ¢(33i)Twyz + qﬁ(xi)ij) + % Zl Hw]Hg
i= Jj=
® Regularized multiclass Sum-SVM training problem

N

mlmmlzez Z max (0,1 — ¢(x:) wy, + ¢(z:) w;) + 3 Z |w;l|3

i=1jeV\y;
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Dual problems and Kernel methods

® Multiclass SVM problems best solved via dual formulations

® Can exploit Kernel trick in dual also in multiclass setting
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Dual of Max-SVM - Primal reformulation

Max-SVM with K classes can be written as

where
[0
-1
M; =
rp(zi)T
X, =

=1

d(xi)T

F(MXw)

-1

c RKXpK

c RKXK

N
minimize Z max(c — M; X;w) + 3||w|3,
w ~ /

g(w)

c

ro
1
| erE
11
-
€ RPK
LW K

where i:th column in M; (except for row 1) is filled with 1s
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Dual of Max-SVM - Primal reformulation

® Further

My X1
GRNKXNK X: : GRNKXPK

S
I

MN XN

and M;X; = U;MX, where U; =[0 --- 010 --- 0] € REXNE
® The function f: RVE — R satisfies f(u) = Zf\il fi(u;), where

® fi(u;) = max(c — u;)
[ u:(ul,...,uN)G]RKN and u; € R

33



Dual of Max-SVM

® Can be shown that max;(-)*(¢;) = ta, (i), therefore
£7 (1) = sup(u] ui — max(c — u;)) = sup(] (¢ — v;) — max(v;))

= sup((—p:)" v — max(v;)) + pj ¢

vi

= ta, (i) +pic

where A is probability simplex in R

® Further, conjugate of separable functions are separable:

N N

Fr) =Y f () =) tag(—pm) + pl'e

i=1 i=1

* Conjugate of g(w) = 3||w|3 satisfies g*(v) = 55 |v||3 and

g (=(MX)"p) = {p" MXXTM
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Dual of Max-SVM, primal recovery, class belonging

® The dual problem minimize f*(u) + g*(—(MX)" 1) is
n
minimize S0 (7)) + 5 pT MXXTMT
n
subject to —p; € Ak forallie {1,...,N}
® ¢* differentiable; recover primal solution from optimality condition
w=0dg"(—M"p) = =3 X"M"p

® Predict class belonging y from largest ¢, = minjeyn, ¢y, ;(2;0):

ey, (@:0) = my(;0,) — m;(;0;) = p(x) wy — ¢(x) w;

= 30" (XTM ), — 6(2)" (XM p))

where (-), and (-); refer to the y:th and j:th blocks
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Dual with Kernel matrix

® The matrix multiplication X X7 is

XXxT =

X, X X7 . x,x%
Xy XnvXT - XnXT

o(@1) d(x) e -+ dle) dlan)Ik

o) o)k - San) blen) Ik

=K ® Ik

where ® is the Kronecker product and K is the Kernel matrix

K=

plx))Tp(x1) - ¢(z1) o(zn)

oan)To(m) - San) dan)

® Can replace X X7 by this Kernel matrix in dual problem
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Dual from Kernel operator

® Can implicitly define features using Kernel trick (see SVM lecture)
® Let £ : R" x R™ — R be Kernel operator and [K];; = k(z;,z;)

® Then, dual problem:

minimize Zi]\il(cT,ui) + 55T M(K @ Ix)M™
N
subject to —p; € Ag forallie {1,...,N}

solves primal problem with potentially infinite number of variables

N K
minimize » | max (0,1 — {(p(x:), wy,) + (b(z:), wj)) + 3 lws?

T IEV\wi =1
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Class prediction

Predict class belonging y from largest ¢, = Zjey\y cy.j(x;6):

cy,j(x;0) =

where

[[o(z1)
o@) T (xTMT )y ; = o)

= ¢()T

Il
vMZ

s
Il
A

<
8

M

s
I
—

T

T
w(x, ;) (M g

<75(~T1):|
<f>(x1j

[N ¢l nin

r(IN)
r(zz\])

é(xq)

DIREICHICTENT I U

o@) T o (@) (M] 1)

)j

Can be decided by evaluating Kernel operator

3 (@(@) (X" M)y — o) (XTMT 1))

o)

-
ML N
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Dual of Sum-SVM - Primal reformulation

Sum-SVM with K classes can be written as

N
minimizez 17 max(1 — D; X;w) + Swli3,
w P ~ /
g(w)
f(DXw)
where
-1 1
w1
-1 1 K—1)x K . K
D; = T 1 eRE-DXE = | . | eRP
WK
i 1 -1
[¢(zi) T
X; = . c RKXpK
L d(zi)T

where i:th column in D; is filled with 1s
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Dual of Sum-SVM - Primal reformulation

® Further
D, X
= . c RNE-DXNK  y _ : c RNExpK
DN XN
and D; X; = U; DX, where
U, = [() ...07I0 --- 0] c RE-1)xN(K-1)

® The function f: RN(K=1) _ R satisfies f(u) = S0, fi(u:);
® fi(u;) = 17 max(0,1 — u;) is sum of hinge losses
® u=(ui,...,un) € RE-DN gnd o, € RE-1L
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Dual of Sum-SVM

® Conjugate of sum of hinge losses f; satisfies

fi(p) = pl1+ NEI)
® Further, conjugate of separable functions are separable:

N N

[ (w) = Zfi*(:ui) = Z(L[—I,O}(_Ui) +171) = 10 (—p) + 170

i=1 i=1

* Conjugate of g(w) = 3 ||lw|3 satisfies g*(v) = 55|/v[|3 and

9" (=(DX)"p) = Fpu" DXXT D"
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Dual of Sum-SVM, primal recovery, class belonging

e The dual problem minimize f*(u) + g*(—(DX)T ) is
o

minimize 17p + %/LTDXXTDTM
i

subjectto —1<u<0

® ¢* differentiable; recover primal solution from optimality condition
w=0dg*(~D"w) = —1XT DTy
® Predict class belonging y from largest ¢, = 3y, ¢y,5(;0):
cy,j(@;0) = my(;0y) —m;(x;6;) = d)(m)Twy - ¢($>ij
= —5(¢(x)"(XT DT ), — ¢(2)" (X" D))

where (-), and (-); refer to the y:th and j:th blocks
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Dual with Kernel matrix

® The matrix multiplication X X7 is

XXxT =

X, X X7 . x,x%
Xy XnvXT - XnXT

o(@1) d(x) e -+ dle) dlan)Ik

o) o)k - San) blen) Ik

=K ® Ik

where ® is the Kronecker product and K is the Kernel matrix

K=

plx))Tp(x1) - ¢(z1) o(zn)

oan)To(m) - San) dan)

® Can replace X X7 by this Kernel matrix in dual problem
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Dual from Kernel operator

® Can implicitly define features using Kernel trick (see SVM lecture)
® Let £ : R" x R” — R be Kernel operator and [K];; = k(z;,z;)
® Then, dual problem:

minimize 17y + L u” D(K @ Ix) DT p

w
subjectto —-1<pu<0

solves primal problem with potentially infinite number of variables

mlmmlzez Z 0,1 — i) Wy, ) + (P(xs), wj) 5 Z ijH

=1 jeEV\y;
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Class prediction

Predict class belonging y from largest ¢, = min;jcy\, ¢, ;(z;0):

cy(2:0) = =3 (d(2)" (X" DT )y — ¢(x)" (X7 D))

where

(7o (1) 7 #lan)
s@TxXTDTwy; = o7 Ty
L ¢(x1)] ¢ (@ N)

#(x1) T [as(zm H Df py
] ()] sl (DT

[N ¢@) (DT )]

=¢@)7

=o@)7

=Ny s wrl/

o(@)T ¢(2)(DT 1y);

Il
4M2

.
Il
-

w(z, @) (DF )4

Il
'MZ

Il
o

[a T

Can be decided by evaluating Kernel operator



