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Black-Box Models

2.1 Consider the system
x = Ax(t)+ Bu(?) (2.1)
W) = Cx(t) (2.2)

with the input u(t) = 6(¢), output y and the state x € R”. Multiplication
by the integrating factor e 4? gives

e Ai(t) — Ae Ax(t) = e A Bu(t) (2.3)

where the left-hand side of Eq. (2.3) can be reformulated as
_At - —At d —At
e Mx(t) — AeMx(t) = a(e x(2))
Integration of both hand sides of (2.3) over the time interval (¢, ¢] gives

t
e Alx(t) — e Alx(ty) = / e “*Bu(s)ds

to

so that ,
x(t) = eAt %) x(tg) +/ A=) Bu(s)ds

to

Evaluation of the effect of the input u(t) = &(¢) thus gives

t
x(t) = eA(t_tO)x(to)+/ A=) Bu(s)ds (2.4)

to

t
= A a(t) + [ AIBS(5)ds (2.5)

to

Atk (t0) + eA'B (2.6)
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and for the output

t
y(t) = Cx(t) = CeAlx (o) + [ CeAt~>) Bu(s)ds (2.7)

to
The output y(¢) = Cx(t) is thus
y(t) = CeAlt0)x(4y) + Ce*'B

which is a sum of the initial value response CeA("%)x(t;) and the impulse
response g(t) = CeA’B. The analytic expression (2.7) for the output can
thus be reformulated

t
y(t) = Cx(t) = CeAlWx(ty) + [ CeAt)Bu(s) (2.8)
to

= Cetlt)x(t) + / t g(t — s)u(s)ds (2.9)

to

which is on the mathematical form of a convolution.

In the case that ¢y = 0 and x(¢9) = x(0) = x¢ we thus have the initial value
response Cetix.

A rectangular pulse input

1/T, 0<tT
u(t) = (2.10)
0, t>Tand t <0
gives the output response
1 t
—/g(T)dT, 0<t<T
T Jo
y(t) = (2.11)

1 t 1 t—T
— N — >
T/o g(7r)dr T/o g(n)dr,t > T

If we denote the system step response by

s(t) = %/0 g(7)dt

then we can express the system output as

s(t), 0<t<T
¥ = {s(t) _s(t—T), t>T (2.12)

©Rolf Johansson, 2008-2014
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2.3

Pulse i‘nput anq pulse response

l T
05
0 /
0 1 2 3 4 5 6 7 8 9 10
Time([s]
Calculated impulse response
l T T T

Time[s]

Figure 2.1 Pulse response and calculated impulse response g(¢) of a system
with the transfer function G(s) = 1/(s®> +s + 1).

and we can compute the step response s(¢) from the output y(¢) as

t), 0<¢t<T
sy = 170 == (2.13)
y(t)+sit-T), t>T
The impulse response g(t) is then obtained as
() =155 (214)
I =4 4° '

which has to be done by means of numerical differentiation. An approxi-
mate procedure applicable to regularly sampled data with a sampling pe-
riod A can be done according to the formula

§(kh) = & (y(kh) — y((k — 1)) + G(kh —T) (215)

We consider a case of noise corrupted frequency response analysis with an
integration time T' = %k - (27 /w) for k € Z* —i.e., k full periods of the test

©Rolf Johansson, 2008-2014



2 Chap. 2

frequency sinusoid. The noise signal v(¢) is assumed to affect the output
of the system. The goal is to determine |G(iw)| and ¢(®) from the system
with the stationary output

y(t) = |G(iw)| sin(wt + ¢(0)), ¢(0) = arg G(iw) (2.16)

The output from the integrators

ST

cr

T 1 T
/ (5(0) + V(1)) sinwtde = S T|G(io)] cos () + / V(#) sin otdt
0 0

%TRe (G (i) + Asp (2.17)
T

T 1
/ (¥(t) +v(t)) coswtdt = §T|G(ia))| sin () + / v(t) cos wtdt
0 0

%Tlm (G (i) + Acy (2.18)

The transfer function estimate is thus

Glio) = ;(ST +icr) = G(io) + AG(io) (2.19)

where the error in the transfer function estimate is

we have

2
AG(iw) = T(AST + iAcr) (2.20)
a. In the case of a sinusoidal disturbance v(¢) = A, sin w,t where ®, # ®
T
Asp = / A, sin @t - sin wtdt (2.21)
0
1

T
= 3 /0 A, (cos(w, — @)t — cos(w, + w)t)dt  (2.22)

where we have used the standard trigonometric formula 2 sin o sin 8 =
cos(a — f) — cos(a + B). Integration of (2.21 ) gives

1, sin(wy — o)t sin(o, + o)t p
Asp = ZA — = 2.2
St 2 v 0, — 0, + o (2.23)
. Wy .y

1 sin(—-27k—27k) sin(— 27k + 27k)

= A (—2 — @ ) (2.24)
2 w, — @O o, + 0

Avw . @
- m s1n(5‘/27£k), Oy # @ (2.25)

where we have used the circumstance that 7' is chosen as a full num-
ber of periods T' = & - (27 /) for any number & € Z*.

©Rolf Johansson, 2008-2014
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The case of w, = w gives
T 1
0

and so we can summarize for the sine channel

A
5 ve 5 Sin(&Zﬂ'k), Wy # O
Asp(@) = @O, — @ @ (2.26)
12A,T, w, =0
Similar calculations for the cosine channel for o, # @ gives
T
Acp = / A, sin @t cos wtdt (2.27)
0
1 T
= 3 / A, (sin(w, — w)t + sin(w, + w)t)dt (2.28)
0
1 cos(wy —w)t  cos(w, + @)ty
= —AJ[- — 2.29
2 vl 0, — o Wy + o lo (2.29)
Wy
1 cos(2n’k; —27k) —1 cos(27k%r + 27wk) — 1
= —5A( + )
2 w, —® o, + 0
= A _(1—cos(2nk2)) (2.30)
- 02— w? w '
and for w, = w we have
T
Aer = / A, sin w,t cos wtdt (2.31)
0
T
= / A, sin @t cos o, tdt (2.32)
0
1 /7T
0
1 T
= Z[AV cos2wytly =0 (2.34)
Thus, we can summarize for the cosine channel error
A 0,
——— (1 —cos(w,w2rxk)), Wy # 0
Acr(w) ={ @F — 2 (@ ) ' (2.35)
0, W, =0
Hence, the transfer function error is
. 2 .
AG(iw) = T(AST +iAcr) (2.36)

©Rolf Johansson, 2008-2014



2 Chap. 2

which decreases as 1/T except at @, = ® in which case it does not
help to increase the measurement duration.

Remark: Notice that a sinusoidal disturbance v(¢) = A, sin(w,t +
¢) with a phase shift ¢ would result in somewhat different transfer
function error.

. Consider the case of white noise or high-bandwidth noise with the
properties

E{v(t)} =0,  E{v()v(s)} = 025(t—s) (2.37)
Thus we have
G(iw) = G(io) + AG(in), G(in) = G(iv) — G(io) = AG(i)

The accuracy of the estimate is then given by the statistical properties
of AG(iw).

AG(iw) = % / C(0) (sin 0t + i cos wt)dt = % / " oh(di (2.38)
0 0
The mean value
~ 2 T .
E{AG(i0)} = E(AG(i0)} = /0 T =0 (2.39)

so that the estimate of G(iw) is unbiased
E{G(iw)} = E{G(iw)} = G(iw (2.40)

To investigate the variance properties of a complex-valued stochastic
variable x we notice that

Var{x} = ZE{(x—E{«x})(x —E{x})"} (2.41)
= FE{xx*} — E{x}E{x*} — E{x}E{x"} + E{x}E{x"}
= FE{xx"} — E{x}E{«x"} (2.42)

Moreover, for x = a + ib with mean E{x} = u, + iy, we have

Var{x} = ZE{(a+ib)(a+ib)"} — (Ua + itts)(Ua + iltp)" (2.43)
= E{aa” +bb") — pap; — poity (2.44)

and

Var{Re x} = E{(a— pa)(a — pta)"} = E{aa”} — papsl (2.45)
Var{lm x} = E{(b—us)(b— )"} = E{bb"} — w1} (2.46)

©Rolf Johansson, 2008-2014
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Figure 2.2 Illustration of the error of the transfer function with a test
frequency w = 1 and a sinusoidal disturbance of frequency @,. The upper
graph shows the real (solid line) and imaginary parts (dashed line) of the
tranfer function error versus frequency of the disturbance. The lower graph
shows the transfer function error magnitude versus frequency and versus
measurement duration.

so that

Var{x} = Var{Re x} + Var{Im x} (2.47)

Application of this property gives

Var{G(i0)} = E{(G(io) — T{G(i0)})(G(io) - £{G(i0)})'}
= E{G(in)G (i)'} = Var{G(in)} (2.48)

©Rolf Johansson, 2008-2014
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Y

Figure 2.3 Graphical interpretation of the relationships between G, (N;, G
in a polar diagram.

and further calculation gives

Var{G(iw)} = E{G(in)G(in)*} (2.49)
2 [T _. 2; (T .
= (5 [ e /0 e 9%y(s)ds)*} (2.50)
= % /0 ' /0 ' e ELu(t)(s) tdsdt (2.51)
_ % / ' / " o026t — )dsdt (2.52)
T 2
_ % /O o-zds:% (2.53)

We conclude that the variance of (A}(w)) is decreasing as 1/T and that
E{G(in)} = G(iw).

E{G(iw)} = 0 (2.54)
Var{G(iw)} = E{G(w)G(in)}=E{|G@ion)]?} (2.55)

An interpretation of this result can be done according to Fig. 2.3. If
we make several measurements of G(iw), then we will have different

estimates @(Lw) distributed around the mean G(iw).

Consider the choice of measurement time 7' and frequencies when the
estimate G (iw) is to be used for control purposes. We have seen from

©Rolf Johansson, 2008-2014
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Exercise 2.3b that the accuracy of @(za)) is proportional to 1/T. In
consequence, if Var{v} is large, then T needs to be large. In order to
achieve a given, required accuracy of the estimate (A}(ia)k) at a set of
frequencies {®;} with the same disturbance properties, we need to
apply the same measurement time 7.

In addition, we need to estimate G (iw) with higher accuracy in the fre-
quency range where the sensitivity function has its maximum which
usually appears around the cross-over frequency of the system; see
Chapter 8 of System Modeling and Identification. Assuming that the
sensitivity function is large in the frequency interval (w1, ®2), then
we need to make longer experiments (yielding more accurate results)
in the frequency interval (@1, ®3). In order to achieve a certain given
measurement time 7' = k& - (27 /®w) we need more periods of the sinu-
soidal input for high frequencies than for low frequencies.

2.4 As in Exercise 2.3b we find that

2.5

G(iw) = G(io) + G(iv)
with

E{G(iw)} = 0 (2.56)

Var{G(iw)} = — (2.57)

If we consider the values ¢ = 0.1 and T' = 50 s, we can evaluate the
transfer function variance as

Var{G(iw)} = 0.008

Considering the experimental Nyquist curve of é(w)) in Fig 2.11 of the
book, it is obvious that we can not exclude the possibility that the Nyquist
curve of G(iw) encircles the point —1 and that the closed-loop system
G /(1 + G) is unstable.

As a conclusion we have that nothing can be stated about closed-loop sta-
bility and that we would need more measurements or larger T for test fre-
quencies of the neighborhood of Re G(iw) = —1—i.e., where argG(iw) ~
180°.

A relay-type output nonlinearity will result in an output in the form of a
square wave. According to Fourier series expansion of a square wave we
have

y(t)=A i ar sin(kot + ¢r(w))

k=1

©Rolf Johansson, 2008-2014



10

2.6

2.7

2 Chap. 2

The contribution to the sine channel and cosine channel are

sp(w) = %alAT cos(91) (2.58)
1
cr(w) = §a1AT sin(¢1) (2.59)
This follows since
T . T/2, k=1
/ sin wt sin kwtdt = (2.60)
0 0, kE>1

and we get the transfer function estimate

. 2 A
G(io) = = (sr(®) +icr(@)) = Aa;e?@)
Thus we will be able to estimate the phase correctly but we will not obtain

the correct gain which will appear to be constant.

According to Fig. 2.9 in the textbook we conclude that both gain and phase
estimates are affected for sampled systems. Similar problems appear for
discrete-time frequency response analysis. The most obvious effect of dis-
cretization is the generation of harmonics in the input. These harmonics
add fortunately little to the sine and cosine channels as the integrals of
sin @t sin kwt over an interval chosen as a multiple of the test-frequency
period become zero. Similar to the solution of Exercise 2.5 we expect that
the frequency response |G(iw)| might be affected. In order to avoid such
problems one should recommend rapid sampling at a rate which is a mul-
tiple of the test frequency, i.e., ®; = n®w with n > 20. (A detailed analysis
from a signal power perspective is given in the answer to Exercise 8.1.)

Consider frequency response analysis with the system input u(¢) = u4 sin wt.
If the measurement is chosen as a multiple of half the period of the mea-
surement frequency, i.e.,

T=1r"
0]
then we conclude that the integrals of the frequency response analysis are
T 1
cr(w) = / y(t) cos wtdt = §T|G(ia))|u1 sin ¢(w) (2.61)
0
T 1
sr(@) = / ¥(t) cos wtdt = _T|G(io)ur cosp(@)  (262)
0

with the same expressions as in the textbook.

©Rolf Johansson, 2008-2014
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If the measurement time is chosen as a multiple of the full period of test
frequency, i.e.

T:k2—ﬂ
[0

then for constant v we can find that
T
/ vsinwitdt =0
0

which means that the constant disturbance v is eliminated and does not
perturb the transfer function estimate. However, using a measurement
time T as a multiple of the half period will not allow for elimination a
constant disturbance v from the sine channel and the cosine channel.

©Rolf Johansson, 2008-2014
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Signals and Systems

3.1

12

We assuming that the input u(¢) is constant over the sampling interval
and takes on the value u(kh) over the time interval kh <t < (k + 1)h. If
we represent the step input

3() = {0’ t<0 (3.1)

1, t>0

then we may represent a rectangular pulse of width 2 and beginning at
time ¢t = 0 by the rectangular pulse function

0, t<0
p(t) =0t —d(t—h)=21 0<t<h (3.2)
0, t>h

with the z-transform
p(z)=(1-2z")
A zero-order-hold input u(¢) may thus be represented by
N
u(t) = u(kh)(9(t — kh) = 8(t — (k+1)h)), 0<t< Nh

k=0

We can represent the input as the Laplace transform and z-transform

N1
U(s) = Zg(l—e_Sh)e_khsu(kh) (3.3)
k=0
N
U(z) = Z{u@)}=> u(kh)z™* (3.4)
k=0
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A Magnitude
u(kh)

Time

Figure 3.1 Illustration to Exercise 3.1.

and the output from a system with the transfer function G(s) and the
input according to Eq. (3.4 ) and Eq. (3.3).

N
Y(s5) = Gs)U(s) = 3 G(s)%(l _ e hYe~Hhsy (1)
k=1
The z-transform of the output is

N
Y(2) = Z{LHY(s)}} = Z{LH{D G(S)%(l — e~ M)e P u(kh)}}
k=0

The pulse response of a transfer function G(s), i.e., the response to u(t) =
p(t) is
H(s) = Y(s) = G(s)U(s) = G(s)%(l ey

or in the time domain
h) = L {H(s)} = £7HG(s) 1) * L1~ e )
The pulse transfer function is thus
H(z) = Z{h(t)}=2{LH{1—-e")}} Z{L_I{G(S)%}} (3.5)

= (-2 )B{L 66 ) (36)

©Rolf Johansson, 2008-2014
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3.2

3.3

34

3 Chap. 3

Example: Consider discretization of a system with the continuous-time
transfer function

1
G =
(s) s+1
Application of the procedure formulated in Exercise 3.1 gives
ZLHGE)Y) = LM ) (3.7
s s+1 s
1 1 —z z
= Z L_l _ — = 3.8
£ s+1+s}} z—e‘h+z—1( )
and the resultant pulse transfer function is
1y (2 z \ l—e? (1-eM)z!
H(z) = (1-27) <z—e_h + z—l) z—eh 1—ehzl
The coherence spectrum is
1
2 —

1+ S o) Glo)]

where S, > 0, S, > 0, and |G(iw)| > 0. Hence, we immediately verify
that
0<7*(w)<1, Vo

where the lower bound is obtained for a high value of the ratio of spectral
densities S,, /Sy, and the upper bound is obtained for S,,/S,, = 0.

An expression for the signal-to-noise ratio (SNR) is

SNR = eﬂ:@_l_@_eﬂ
evv evv R evv evv
e e ey
= 2_1-2 (3.9)
evv evv

in which the nonzero correlation between x and v affects the signal-to-noise
ratio.

We consider a normally distributed white-noise process {x;} with compo-
nents x; € N(0,02) and covariance function

Cxx(T) = Cov {xk,xk_f} = 0-26k,k—r> T=qh, q€Z

i.e., T is discretized. The corresponding spectral density is

Se(iv) = F{Cu(r)} (3.10)
= h Y Cul(qgh)e ™" (3.11)
= ho? (3.12)

©Rolf Johansson, 2008-2014
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3.5

3.6

which proves that the white-noise process has constant spectral density
up to the Nyquist frequency wy = 7 /h.

Consider the stochastic processes {x;} and {y.} generated by the state-
space system (or Markov chain)

, x, €R" (3.13)

S Xpr1 = P + Lup,
) yi = Cxp + vy,

where {v;} is a scalar white-noise process with constant spectral density

Sw(iow) = ho?, |o| <oy = %

The output {y;} fulfills the input-output relationship
Y(2) = H(2)V(2) = (C(2Lusn — @) "T +1)V(2)

The output spectral density is then

S,y (iw) = H(“")S,,(io)HT (e7'*") (3.14)
= |H(e“")|28,, (3.15)
|H (e'")|2ho® (3.16)

For the state vector x; we compute the input-output relationship
X (2) = H(2)V(2) = (2l — @) TV (2)
Correspondingly, the spectral density of the state vector x; is

Se(iw) = H.(e“")S,,(iw)HE (e7'*") (3.17)
= ("1 —®)7'rTT (7" — @) To%h (3.18)

The variance of the sum
x1=§1+§2:[1 1] [Z:;] (3.19)
Cov{xi} = Cov{ [ 1 1] [Z:;] (3.20)
— (1 1] Cov{8} [i] (3.21)
= (1 1) [_Zp —;:p] [1] —2c(1—p) (3.22)

©Rolf Johansson, 2008-2014
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Covariance ellipsoid

Figure 3.2 Covariance ellipsoids for the covariance matrix X, for a zero-
mean stochastic variable 6 of Exercise 3.6 with p = 0.9.

Now introduce the variable ¢ and consider the sum

Xq =601cosa + Ogsina = [cosa sina] o,

with the variance

V(@) = (cosa sine) [ ¢ _C”] [COS“] (3.23)

—cp ¢ sin o
= c(cos’ @ — 2psina cos a + sin” @) (3.24)
= ¢(1— psin2a) (3.25)
The variance V(o) has extrema for « = 7/4 and o = —7 /4
a=rm/4, V(a) =c(1-—
/ (@) = (1= p) .26
a=-r/4, V() =c(1+ p)

with the minimum V(&) = ¢(1 — |p]).

©Rolf Johansson, 2008-2014
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The singular value decomposition of Xy is

Yo=ULV
with
.
|2 T2 _(ca+p) 0
U=V = 11| and Z—[ 0 c(l—p)](3'27)
V2 o V2
for p > 0 and
RN
|2 T _(ci-p) 0
U=V = 11 and Z_[ 0 c(1+p)] (3.28)
V2 V2

for p < 0. Thus we have that the 2-norm of Xy is
[Zoll2 = 01 =c(1+pl)

which is also the maximum eigenvalue of X4. The Frobenius norm of Xy is

IZolle = /? + (cp)? + (ep)? +¢* = \/26%(1 + p?)

or

IZsllr = /0% + 0% = \/2¢2(1 + p?)
The covariance ellipsoid is determined by the equation
§TZ§1§ = constant
or more generally the set
Q(r)={0:67;'0 =r?}, r?= constant

The points belonging to the set Q(r), i.e, the covariance ellipsoid, can be
parametrized as follows

~ rcoso
6, = 6+T" [ ] (3.29)
rs1n05
~ ~ rcosa
= 6,=0-60=T" [ ) ] (3.30)
rsino

©Rolf Johansson, 2008-2014
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where 7' is a matrix factor of X! in the sense that

1 0
2¢(1— 1 -1
TTT —3;', T= c«1-») . [1 1] (3.31)
0

Vel 1)

For a normally distributed variable 8 € A((0,X4) we notice that the level
surfaces Q(r) constitute the level surfaces of the probability density func-
tion

1

(x) = -
P = (or det o)

~ (27 detz,)"2

1 1
exp(—§xTZ§1x) exp(—§r2) (3.32)

Hence the designation covariance ellipsoid.

Assuming that § € R” is normally distributed A((0,Z4) with the n x n
covariance matrix Xy. Consider the following matrix factorization

yol=T1TT
and introduce the variables
®@=T0, 0¢cN0,L), n=2

A standard result, see Appendix B, is that a sum of squares of independent
normally distributed variables {&,}7 | is y%2—distributed with m degrees
of freedom, i.e.,

=8+ 8, 1P € xi(m)
Direct application of this result to the set of normally distributed variables
O =T06 € N(0,I,x,) gives the desired result

070 =07x,'0 € x%(n)
For a vector-valued stochastic variable, e.g., a parameter error vector, of
dimension n and with a covariance matrix of dimensions n x n we have
£{67%,'6} = E{tr {67%,'6}} = E{tr {£,'00"}} (3.33)
= tr {Z;7E{667}} = tr {Z;'Sg} = tr {Lixn} =1 (3.34)

The covariance ellipsoid also determines the level surfaces for constant
value of the probability density function

1 1
1 ——xTZglx 1 —=r?

P¥) = Grdets,)® = (2rdetz,)2¢

(3.35)

©Rolf Johansson, 2008-2014
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Spectrum Analysis

4.1 Let X;(2) = Z{x1(k)} and X2(2) = Z{x2(k)}. The z-transform of the con-
volution of x; and x9 is

X(z) = Z{x1(k)xx2(k)} = Z{Z x1(1)x2(k—1)} = (4.1)
- .Z .Z x1(i)xe(j — i)z = (4.2)

= Y > wmi)ea(— i) VI = (4.3)

J=—001i=—00

= Z Z x1(i)z " xg(j — i)z U = (4.4)

= .Z 21(0)z7" Y xa(m)z ™ = Z{x1(k)} - Z{xa(k)} (4.5)

where the last row has been obtained by changing the summation index
from j tom =j —1i.

4.2 A swept-frequency sinusoid of the type used as input can be represented
by the sequence of complex exponentials

_ jwok? /2 N—
{up} Vg = {/ " /2AN-1 " for some constant @

which is set of points located on the unit circle on the complex z-plane. The
output response in the absence of an initial condition reponse is then

N—1
Vi = E hjup_;
=0
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where {h;} represents the system transfer function H(z) and

N-1
o= Y hjup (4.6)
j=0
N-1 ) )
N (47)
j=0
N-1
— plO0k?/2 Z h ;@072 g=i0ki (4.8)
j=0
so that
Yh = e ORI = Zip f 0k 2Y) (4.9)

Uk

Application of the inverse discrete Fourier tranform to (4.9 ) gives

R = Y ek (4.10)
j=1 1
hy, = hje i@/ (4.11)

which determines the weighting function sequence {h,} of the transfer
function H(z) of the input-output relationship.
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Linear Regression

5.1 Assuming that the linear regression model based on N data is

Yy €RN
CI)N c RNXP
=DdyN0O + e, 5.1
Iv=onbte {pcp (51)
ee RY
The least-squares estimate is
6 = (dLoy)'olyy (5.2)
= (®LoN) 'L (PN +e) (5.3)
= 6+ (L oy)1ohe (5.4)

from which we conclude that the parameter error is
6=60—0=(Prdy) 'dLe
with the expectation
~ 1 1
E{0} = E{(@F o) ' 0he} = £{(5; Phon) (5 2he)}

which is the bias of the estimate
5.2 Consider the data

o= (1) wavi= () 59
generated from the system
6 1
S: y=[1 u uz] 61 =(1 u u2) 2 (5.6)
09 3

21
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Assuming that the model is

M : yz(l u u2] 01 (5.7)

@_111 (5:8)
2711 2 4 '
so that
1 1 2 3 5
olo,= |2 1| (P =35 o (5.9)
22 1 2 4) '
4 1 5 9 17

which is rank deficient. The data set in Eq. (5.5) is obviously too small for
the purpose to determine all three parameters 6y, 61, and 6s.

All solutions compatible with data and the regression model 5 = ®56 can
be expressed as

2 1
0=y d+yo=|-3|A1+ |2 (5.10)
1 3

where A is an arbitrary real number and where y1, ¥, satisfy

q)zl//() = 9/2 (512)

If we proceed to choose the 6 with the lowest two-norm of all minimizers,
then we find the A for which

T
* . Y l//O /41 1
argmin |81l =~ 0% = 1
The corresponding solution 0 is
a vyt
(A7) = vidi+yo=1- )Wo (5.13)
vl
1 2 1 1.1429
= 21+ -3 T~ 1.7857 (5.14)
3 1 3.0714
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5.3

54

The same result can be obtained by means of the pseudoinverse of the
matrix in Eq. (5.9)

1.0816  0.5204 —0.6020
(®7®,)" = | 05204 02551 —0.2755 (5.15)
—0.6020 —0.2755 0.3776

which yields the least-squares estimate

1.1429
6= (dLdy) 0l = | 17857 |, ||| = 3.7321 (5.16)
3.0714

Notice that

18]l < [16]l2 = V12 + 22 + 32 = 3.7417

We consider the least-squares estimate

6 = 60+ (PLdy) 'dLe (5.17)
1 o 4,1 5
= 9+(NCI>NCI>N) 1(NCI>Ne) (5.18)

based on the linear regression model y, = ¢,7;9 + e, where the components

ey, of e are assumed to be independent and identically normally distributed
variables A((0, 02).

From Eq. (5.17) we notice that 6 is a sum of 6 and a linear combination
of the e;’s. It is well known that a a linear combination

z=Te, ecR*, and T e R™"

of normally distributed stochastic variables is also normally distributed
with mean and covariance

F{z} = E{Te}=TE{e}=0 (5.19)
E{zz"} = E{Tee' TT} = TE{ee"}TT = o?TT” (5.20)

The weighted least-squares criterion aims to minimize the weighted sum
of the squared errors between the model output and the observations.

1 1 N N
V(B) = §8TW8 = § Zzwijgigj =
i=1 j=1

(Yn — PnO)" W (YN — PnO)(5.21)

DN =

with the minimum R
min V(0) = V(6)
6
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obtained for the optimal estimate
6= (LW LWy
This can be seen by taking the gradient of the optimization criterion (5.21)

3‘;7(_9 —T(0) = I Woy + 67 (L Way) (5.22)

where the minimum 8V /88 = 0 provides the normal equations
) =-9Yiwoy+6T(@Lwoy)=0 (5.23)

The gradient I'(#) of the loss function V(8) takes on the value zero for
0 =0 = (dLWdy)1®L WYy, ie., when 0 is chosen as the weighted
least-squares estimate.

Notice that (5.22) and (5.23) are necessary conditions for obtaining a min-
imum. If the positive semidefinite matrix CIJIT\,WCID ~ 1s assumed to be in-
vertible, then we can also show sufficiency by completing the squares of
(5.21).

V(O) = 20N Dn6) WO - Dyb) =
= %9’ N (W—Woy(@yWoy) oy W)Yy (5.24)
+ @)@ Wan) 7 (6) (5.25)

which attains its unique minimum for T'(§) = 0, i.e., for 6 = 6.

The prediction error based on N observations fitted to a linear regression
model 'y = OyO is R
E=9Nn—PnOn

and the orthogonality principle yields the modified equation
eLWe=0

which together give the set of linear equations

I > £
[arw o) (5) = (%) (526
oW 0 (7] 0
However, it might be preferred to exploit the symmetric characteristics of
the augmented system equation and we achieve

5 E)-) e
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If we introduce the weighted prediction error ¢ = Weg, we have the aug-
mented system equation

w-i & g
(s o) (5)= (%) (528
oy 0 6 0
5.6 We consider data generated by the system

S Yr =070 + ey, E{eieJT} = Ro;;

and consider the linear regression model 9y = ® 50 with

)1 ¢{
Yo ¢35
IN=1 . and ®y=| | (5.29)
YN N
The residual sum is
~ B 1 T TS
V(e) = SONIN=ININ) (5.30)
- %eT(I—qm(qa]TV@N)—lq:]TV)e (5.31)
1 1
= §tr(eeT)—§tr(c1>N(c1>1Tch>N)—1c1>TeeT) (5.32)

The expected value of the residual sum is

E{V(O)} = %tr(z{eeT})—%tr(clw(@]?(,cl)]v)—lq)?vz{eeT}) (5.33)
R 0 - 0

_ gtr(R)—tr(an(@gan)—lcp]Tv 0B o (5.34)
Lo 0
0 - 0 R

In the case of a scalar R, we have the familiar result from Sec. 5.2 that

R 0 e 0
. N 0 R -~ 0
E{V(0)} = Str(R)—tr(® v(@Eoy)toT : .. | (53
o ... 0 R
= %(N —p)R (5.36)
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5.7 The Lagrangian associated with constrained least-squares identification

presented in Sec. 5.3 of System Modeling and Identification is
L(T,A)=60"TTRTO + tr A(TT®y —I)

where A is a set of Lagrangian multipliers. Differentiation with respect to
T shows that there is an extremum for

A =—-2@ R '®L) 1667

After elimination of A we have

L(T) = 6TTTRT6 —2tr[(®LR '@ y) 06T (TT Dy — I)] (5.37)
= O6TTTRTO— 20" (Toy — I)(PLR '®y)~'0 (5.38)
= 6T[(T — R '&n(PFR'®N) HTR(T — R '®y(PLR'@y) )
+ (LR '®y)7Y6 (5.39)

where the last step has been achieved by completing the squares of terms
including the transformation matrix 7. By choosing

T = R 'oy(@LR oyt (5.40)
6 = (PLR '@oy)'®LR Yy (5.41)
one minimizes L(7') and eliminate the first term of Eq. (5.40). The corre-
sponding minimum value L* of the Lagrangian L(T) is

L* =0T (dLR'oy) 10

and
0 = (PLR '®yn)'®LR e (5.42)
e = (I-dy(@YR'oy)'OLR e (5.43)
The residual sum of squares is
~ 1~ ~ 1 ~ ~
V() = 5(0)7e(0)= 50N —Pn0)" (On—Pn0) (544
= %(cpNe +e—DyO) (PyO+e— Dyb) (5.45)
- %(e _ op0)T(e— Dyb) (5.46)
with the expected value
EV©O) = (5~ bxb) (e~ bxb)) (5.47)
= tr(E{12(e — PnO)(e — PnO)TD) (5.48)

_ %tr(f{eeT} + E{ON007 DT — E{2dy8e")) (5.49)

1
= Str(R—@ N(@LR 1o y) 1ok (5.50)
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with
£{66T} = E{(@NR'®y)'PLR Tee’ R 1Dy (LR TDN) !} (5.51)
= (®LR1doy)? (5.52)
whereas the unconstrained estimation gives
0 = (PLdy) 'dhe (5.53)
e = (I-oy(@Loy) " dL)e (5.54)
with the expected value
EV©O) = (5~ bxb) (c—byb)} (5.55)
1 ~ ~
= tr(E{;(e— PnO)(e— on0)TY) (5.56)
= %tr(f{eeT} + E{DN06T DY) — E{20y0e"}) (5.57)

1 _ _
= §1;r(£{eeT}+Z{cp]\,(chT\,cpN) lpTeel oy (L DN)1))

1
- Str(E{20 N(@LdN) DL eeT}) (5.58)
1
= Su(R-0 n(@Lon) L R) (5.59)
and
£{66T} = E{(PRDy) 'DLee’ Dy(@LDy)Y (5.60)
(@Loy) o ROy (PPN (5.61)
We introduce the variables
éconstrained = (PYR™'@N) ORI (5.62)
Ounconstrained = (PyPN) PRI N (5.63)
and
A6 constrained ~ Yunconstrained (5.64)
= (@LR0N) ORIy — (0hoy) kY (5.65)
= [(®LFR1oN) 1L R! — (@l dN) DL ])(PNO +e) (5.66)
= (LR 'oy) @l R e — (®Loy) TDLe (5.67)
The residual sum expressed as the prediction error loss function is
- 1 _ _
ve) = 50w~ dn0)" (Vn — Pnb) (5.68)
1
= SIN{I—DN(PRDPN) PN N (5.69)
2
1, _
+ 5(9 — (PNPN) PRI N) (PN PN) (0 — (PR DPN) PRI N)
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The prediction error loss function for the unconstrained least-squares es-
timate is

~

1 _
V(Qunconstrained) = 59/1\1/'1(1 - q)N(cI)I];Iq)N) lq)lj\})yN (5-70)

whereas that for the constrained estimate is

~ 1 N r N
V(gconstrained) ) (On —Pn econstrained) (On —Pn econstrained)
1 _
= 59’1\;(1 — Oy (PN PN) RN N (5.71)
1
+ §(A@)T(chT\,cp N)AB (5.72)
so that
AV = V(econstrained) - V(eunconstrained) (5.73)
1
= §A9T(CI>17\}<1>N)A9 >0 (5.74)
Hence
V(econstrained) = V(eunconstrained) (5.75)
E{V (6constrained)} = E{V(Ounconstrained)} (5.76)

In order to evaluate the parameter mean-square error Z{§§T }, it is nec-
essary to check whether

(PR D) < (P PN) H(PYRPN)(PHPN) ! (5.77)
This is equivalent to testing whether
(PR @y) > (P Pw)(PYRON) (PR DY)

or whether
R1>oy(@LROy) 0L

or whether
R —oy(@LROy)1®L >0 (5.78)
Now let W designate the positive definite matrix
W=>oLROy (5.79)
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5.8

Using the matrix decomposition in Eq. (A.26) in System Modeling and
Identification [1, p. 408] gives

W el I 0) (W 0 I Wl
= (5.80)
Dy R1 CI)NVV_1 1 0 R'-— CDNW_lq)% 0 I

and resubstituting W = ®L R®y of Eq. (5.79) into the left-hand side of
Eq. (5.80 ) gives

dLROy @F ®L 0) (R 0) (®y R
e e R I A L
dy R R 1) o o 0 I

which is a positive semidefinite matrix for R = R > 0. According to this
calculation we ascertain that the inequalities (5.78) and (5.77) are valid
for any R = RT > 0 and as a result we conclude that

(PR @) ! < (@{PN) T (PHRON) (DL PN)

This shows that the constrained parameter estimate Eq. (5.52) has a
smaller mean-square error than the unconstrained least-squares estimate
Eq. (5.61).

We summarize for the prediction error and the parameter covariance

E{V (0) }constrained > E{V(0) }unconstrained (5.82)
AT AT
{66 }constrained < ZE{66 }unconstrained (5.83)
The augmented system matrix is
I &
[ . ] (5.84)

with the inverse

[ I cpN] _ [I—an(@I{’,cp)—l@}(, ch(cp]Tvch)—l]

5.85
»%, 0 @Loy) 1ol —(@hoy)t ) 080

with CI)IC':,CI) ~ being invertible. It is easy to verify that

I & I —®N(PTD) 1L Dy (DL dy) !
(L %) ([ ov@he el ev@hent) g, e

oy 0 (PR PN) ' PY —(exPN)!
and
I —on(PLo) 10l oy(PLdy)? I oy
T ~1pT T & -1 T = Ionxan (5.87)
(PN PN) Py —(Py®Pw) Py 0

which proves the statement.
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5.9 Introduce the function
r4) =—9YIR oy + 6" (dLRdy)

By completing the squares we find

V(O) = 0N on8) B O —xd) (5.88)
_ %9@3 (R — R0y (®LR'®y) 0L R )Yy  (5.89)
1

+ 5r(@)(cb]T\,R—lcp ~) T (6) (5.90)

which attains its unique minimum for I'(8) = 0, i.e., for
6=6= (LR 'dy) ' ®LR Yy
5.10 Consider a multi-input, multi-output system
S: Az NHY(2) =B(zH)U(2), detA(z™')#0

with p inputs u;, € RP and m outputs y, € R™ and time index 2 and
polynomial matrices

A(Z_l) = Ime + Alz_l + e + Anz_n, Al, L ,An E Rmxm (591)
B(z') = Biz'+--+B,z"By,...,B, € R"* (5.92)

For the purpose of least-squares identification, then, it is suitable to orga-
nize model and data according to

Yo = —Aiyr-1— - —ApYr—n+Biup_1+---+ Byur—, (5.93)
T
Or = [ —y,f_l —y,f_n u,rf_l u,f_n ) (5.94)
with ¥, € R and ¢, € R*™*P). The parameter matrix
/ A{ \
Ay

ar | 6 € Rrm+p)xm (5.95)
1

\BT)

n
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which suggests the linear regression model

o1 T
T T
) Y2 2
M Y = 0, with 9 =| |, and &= | (5.96)
YN o

with 9 € RV*™ and & € RVN**(m+r) Now introduce the following matrix
decompositions into column vectors

Y o= [9’:1 Ve ... %n) (5.97)
® = (cp:l Dy ... cp:m] (5.98)
e = (8:1 Eo ... am) (5.99)
9 = (9:1 0o ... e:m] (5.100)
Let ézj, J = 1,2,...,m denote an arbitrary estimate of the parameter

vector 6.;. The least-squares criterion aims to minimize the sum of the
squared errors between the model output and the observations.

_ 1 1 _ _
Vi(0,) = 5858:1' = §(9’:j —®0,)7(7; — @6,) (5.101)

each V; with the minimum

min V;(6,) = Vi(8;)

J

obtained for the optimal estimate 0., = 0. ;. By taking the gradient of the
optimization criterion (5.101), we have

aV;(8.) _
0=-"2L"9 _ _yTp 4 oL (TP 5.102
20, Y ®+05( ) ( )

where the minimum 6V;/88 = 0 provides the normal equations
—oTy, + (@T®),; =0, i=12,...,m (5.103)

for each parameter vector 6.;, i = 1,2,...,m. By arranging these equa-
tions column-wise, we have the set of normal equations

—cpT(gcl Yo ... ocm] +(c1>Tc1>)[ei1 0y ... é;m] —0 (5.104)
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or
—oTy + (®T®)6=0

which is a suitable formulation of the matrix normal equations. The normal

equations of the associated least-squares estimation of 6 will, as a result

of the non-uniqueness of parameters, in general exhibit rank deficit. It is

therefore natural to apply the least-squares solution

6 = (7o) oy

where (&% ® )" denotes the matrix pseudo-inverse of ®7®; see Appendix
A of System Modeling and Identification. The associated least-squares es-
timate then obtained has the smallest 2-norm of all possible minimizers
of the least-squares criterion.

From the properties of the least-squares solution, we have

Q/N = CI)NG + en, §= (q)fll\}q)N)_lq)ng/N (5105)
so that

Vv = Pyb=0y@Foy)TeRYy (5.106)

ey = Iv—9n=(y—On(@FON)ON)IN (5107

= (In — PN (PYPN) ' OR) (PN + en) (5.108)

= (In— Pn(PyPw) PR )en (5.109)

even = On—9%)"ONn—IN) (5.110)

= Iy —@n(PyPNn) ' PN)IN (5.111)

= el(Iy —on(PLdN)th)en (5.112)

The residual sum of squares is

-~

V@) = Y V@) =uwlZ07Y -TTF)  (5.113)

= tr{%eT(I — oy (PLdy)tol)e (5.114)

5.11 It is straightforward to adopt the first-order linear regression model

T
= ¢, 0
ar. (=% with 6 = [a] (5.115)
In = Pyn6O b
based on N data samples with
Y2 - ui
Y3 —)2 Uz
In=1] .|, and Py= , . (5.116)
YN —YN-1 UN-1
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Assuming that the model generating data is

T{u?} = 62 = o*
St Yry1 = —ayp +bup +wpyr +cwr,  E{wi} =02 =0 (5117)

E{u;wr} =0, Vi, k

and that {u;} and {w;} are uncorrelated sequences, we verify that

1 N-1 9 —1 N-1
1 T N — =1 Y N1 D k1 YrUk
Ev—PvPr} =F 1 1 }(5.118)
N -1 N—1 N-1_ g

N —q1 k=1 YRtk 7 k=1 U

Under stationary conditions so that E{yz+1} = E{y}, E{yrur} = 0, E{u2} =
02, it holds that

1 T f{y%} 0
and
1 N
1 N _ 1 Zkzz YeYE—1
f{ﬁ‘szvQ’N} = £ Nl 1 N (5.120)
N_1 > ke YEUk—1
aE{y?} — co? ]
= 5.121
[ (5.121)
where the following properties have been used
Z{ykuk} = 0 (5.122)
E{yr+1yr} = Z{—ay,% + bupyr + wpiiup + cwrur} (5.123)
= —aE{y:} + bE{uryp} + E{wrs1ur} + cE{wruz} (5.124)
= —aE{y:} +co2 (5.125)
T{ye1} = E{(—ayr + bup + wpi1 + cwp)?} (5.126)

= E{y;} + b*E{uj} + E{wi,} + CE{w})

—  2abE{yrur} — 20E{yrwrs1} — 2acE{yrwr}

+ 20E{upwri1} + 2bcE{urwr} + 2E{wp+1wp} (5.127)
= a*E{y}} + b%02 + 02 + o — 2acoy (5.128)

Under stationary conditions, we find that £{y2_;} = E{y%} so that

02

1—a?
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For the least-squares estimate based on N samples, it is found that

1

(v} = Bl @hon) (50w} (5129)

As N — oo, we have asymptotically

1 1

o _ . n . T -1 T
6 = lim E{Oy} = lim E{(5—5Phen) (-7 PkIN)} (5.180)
2
~ [f{y,%} 0 ]‘1 [af{y%}—caz] R EE
N 0 o2 bo? B b{yk}

Thus, we summarize the asymptotical least-squares estimate as N — oo
as

02

Tl
E{yx}
b

0 = limy . E{Oy} = (5.131)

The corresponding prediction error is

E{e}(0)) = Elzrre 0)£(0)) = B s (0w — T )} (5.182)
= B 0H (- oy(@f o) 0h) 7 (5.133)
= B RN} — B0 (g @kend) (5134

As the number of samples N increases, we have the asymptotic result

0%(8x) = lim E{e}(6y)} (5.135)
= Bim (0w~ T (e hen)d))  (5.136)
_ i) [a - ca:z{y,z}] T[ Z{g,%} ;)2] [ a _ca;z{y,z}]
= (1+c*)o® - ;z;g} (5.137)

whereas the true parameters give the result

E{e3(0)} = E{(Drr1p — Y1)’} = E{(—ayr + bup — yp+1)?} (5.138)
= E{(wp1 +cwp)?} = (14 A)o? > E{e}(6)}  (5.139)

which proves that the biased least-squares parameter estimates yield a
lower prediction-error variance than the true parameters.
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Observations and estimates

h(t)
™

15+ :

0.5+ 8

Timet

Figure 5.1 Observed data and estimated obtained in Exercise 5.12.

RemaARK: The asymptotical prediction error can also be computed as follows

E{e}(0)} = (8 —a)*E{y?} + (5 — b)*E{u} + 2(a — a)cE{ywz } (5.140)
c2o* o2 020'4
= ot (1+ c?)o? Z{y%} (5.141)
o o ot
= (1+do o] (5.142)

5.12 Consider the impulse response

M: h(t)=Ke"
and assume that this is fitted to the given data. As the model is not linear
in parameters K, 7 one is faced with a number of problems how to estimate

the parameters.

a. The least-squares estimate

N
J(K,7) =35> (h(tr) —Ke™")?, N=5
k=1

l\'.)lb—‘
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function [J]l=mim(x);

K=x(1);

tau=x(2) ;

j=0;

t=[ 0; 0.2000; 0.4000; 0.6000; 0.8000] ;
h=[ 3.4000; 2.3000; 1.7000; 1.2000; 0.9000] ;
for k=1:5,

pe=h (k) -Kxexp (-t (k) /tau) ;

j=j+pe*pe;

end

J=j/2

end

Listing 5.1 A function to minimize in order to solve Exercise 5.12 a.

with the gradient
0

e = SN e (h(ty) — Ke /) (5.143)
W S KB (1) — Ko (5.144)

Putting the gradient to zero gives the solution (or solutions) to the opti-
mization problem. As this is a difficult problem to solve analytically, we
would prefer to solve the problem numerically. A suitable approach is to
use an iterative procedure of gradient descent such as

. . OJ  ~in .
K@) — KO _ 22 (KO £0) 14
o 3 K( ,T) (5.145)
AGRUNE AU ag(k@,ﬂi)) (5.146)
or
which yields the solution
K 3.359
[ ] _ [ ] (5.147)
T 0.588
The exponential function formulated in the free variables K and 7 is
h(t) = Ke™'"
The relative error of the estimates of K and 7 are
K K-K
— = === K= —t/t 14
o =, E=h()/e (5.148)
T T—1 t
Lo = 5.149
210
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function [J]=femb(x);
K=x(1); tau=x(2);

t=[ 0; 0.2000; 0.4000; 0.6000; 0.8000] ;
h=[ 3.4000; 2.3000; 1.7000; 1.2000; 0.9000] ;
3=0;

for k=1:5,

x1=(tau-t (k) /log(X/h(k)))/tau;
x2=(K-h(k) /exp(-t (k) /tau)) /K;
Jj=jrx1xx1+x2%x2;

end

J=j/2

end

Listing 5.2 A function to minimize in order to solve Exercise 5.12 a.

A possible optimization criterion in order to minimize the relative error is

1eh 1 th , 1 h(t \
J(K,T)zEZ—z(T—IOgK_logh(tk)) +ﬁ(K—%) (5.150)

Numerical minimization of J(K,7) yields the result

K 3.2081
= (5.151)
T 0.6200
c. A linear regression model can be formulated as
1 log K
logh(t) = log K —t— = [ 1 —t ] [ e ] (5.152)

and we find for the data provided

t = 0+ 0200 0400 0600  0.800
h(t) = 3400 2300 1.700 1.200 0900  (5.153)
logh(f) = 12238 0.8329 0.5306 0.1823 —0.1054

Least-squares estimation of the parameters

0= [1015; f ] (5.154)

of the linear regression model of Eq. (5.152) yields

(5.155)

- (11946
1.6544
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Optimization criterion of Exercise 5.12a

Optimization criterion of Exercise 5.12b

Figure 5.2 Optimization criteria of Exercises 5.12a-b close to the mini-

mum.

with the resultant parameters

(5.156)

|

3.3022
0.6044
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Identification of

Time-Series Models

6.1

We consider the data from the system

S: ypt+ayr_1=bup_1+wp+cwp_1
where {u,} and {w,} are independent zero-mean white noise processes
with the variances E{u?} = 02 and E{w?} = 02, respectively. Looking for
the asymptotic parameter estimates of the model

M yp+ayr—1=bup

it is straightforward to adopt a least-squares estimate based on the linear
regression model

M: Yy=dy6, 9:[‘;] (6.1)

with N data samples

Y2 —)1 231
Y3 —Y2 Ug

Yy = ) , and &y = ) ) (6.2)
IN —YN-1 UN-1

and the least-squares solution
~ a
0 = [ ; ] = (L on)ToNYy (6.3)
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Assuming that the system generating data is

E{uz} = o,
S Ypy1 = —ayp + bup + wpy1 + cwy, ) (6.4)
E{wr} = oy,
and that {u;} and {w;} are uncorrelated sequences, we verify that
- VSIS e S
Zk 1 YRR N 2ak=1 uj
and
-1
1 r N_1 Zfevzz YeYk—1
N 1oV = { (6.6)

m Zfevzz YrUp—1

Under an assumption of ergodicity we find the mathematical expectation
E{yrur} = 0 and that

E{yer1ve} = E{—ay; + buryr + Wit + cwpyi} (6.7)
= —af{y,%} + bf{ukyk} + Z{wk+1yk} + cZ{wkyk} (68)

= —aE{y?} +co? (6.9)

E{yi1} = E{(—ayr+buy +wpi1 + cwp)®} (6.10)

= a®E{yi} + O E{ui} + E{wia} + CE{wi)

— 2abE{yrur} — 2aE{yrwp+1} — 2acE{ypwr }

+ 20FE{urwri1} + 2bcE{urwr} + 2E{wp1wr}  (6.11)
= a®E{y;} +b%0. + 02 + c®02 — 2aco? (6.12)

Under stationary conditions we find that E{y; ;} = E{y;} so that

1
E{y2} = T (%62 + (1 + c? — 2ac)c2) (6.13)

For the special case 02 = o2 with signal-to-noise ratio SNR= 1 we have

2
E{y?) = ﬁ(zﬁ —2ac+1+c?) (6.14)

Considering asymptotic properties of Eq. (6.5), we have

1 N-1
1 ﬁ k=1 Vi Zk 1 YUk
lim ——®L®dy = lim
N—ooo N —1 N—oo 1 N-1_ 9
Zk 1 YRR g 2ak=1 Ui

(st ) - (50 2
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and for Eq. (6.6)

-1
1 ) Tzk 9 YrYk—1
dm oot = (6:16)
ﬁzkzzykuk_l
E
[ {yk+1yk}] (6.17)
E{yrur-1}
aE{y:} —co? ]
6.18
[ (6.18)
Thus, we summarize the asymptotical least-squares estimate as N — oo
as
~ 1
O = Jim by = Jim (7 @400 (@40 (69
03 0\ (B %
Ey; aE{y?} — co? a—c—=
= (PO (R ) o E | o)
u u b
The mean-square prediction error is
1 & 27 1 T T “15T
stk(eN) = N—19/N (I-oyn(@FPN)'0%)rN (6.21)
k=2
= (9’ N —TEYN) (6.22)
1 ~
= m( NN — O3 (PR PN)6N) (6.23)
1 - -
= m(%(@?\r%)@m (6.24)

Using the asymptotical parameter estimate 0., and Eq. (6.13) we have the
mathematical expectation of the mean-square prediction error

1

E{ep(6)} = E{lim (5790w — 6L(5—7Phen)0x)}  (6:25)
o2 7 o2
e — E{y2} 0 a—c—2
= =i | TCEL | (0 ) |0 EeD
(o)
b b
2 2 2 2,0 oy
= (1—-a*)E{y’} +2aco,, —0.,;b° — —% (6.26)
E{yy}
20-4
= (1+c})o2— 2w 6.27
G edoe =2 (620
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6 Chap. 6

whereas the true parameters give the result
Z{glze(e)} = f{(ykﬂ - yk+1)2} = E{(—ayr + buy, — yk+1)2} (6.28)
= E{(wpr1 +cwp)?} = (1+ o2 > E{e2(0)} (6.29)

which proves that the biased least-squares parameters yield a lower ex-
pected mean-square prediction error than the true parameters.

Remark: The asymptotical prediction error associated with
~ a
O = [ ~ ] (6.30)

may also be computed according to the definition of the prediction error
as follows

Errl = Y+l — Yr+l (6.31)
= —(@—a)y + (b—b)up — wp1 — cwy (6.32)

and
E{e1(0)} = (@—a)*E{y;} + (b—b)*E{u}} + E{(wrs1 + cws)’} (6.33)

+ 2(a — a)E{yr(wpr1 + cwp)} — 2(b — b)E{ug (wpr1 + cw)}
— 2(a@—a)(b— b)E{ysur}

= @-a)?E{y} + (b—b)%c> (6.34)
+ (1402 +2(a — a)cE{ywr}
2ot 2ot
= Yo+ (1+c*)o2 —2-2 6.35
E{y2} ( ) E{y2} (6:35)
2ot
= (1+c*o?— ¥ (6.36)
E{y:}
Notice that
X=—-Q3'q

minimizes the function

V(x) = %xTsz +x"q1+ qo
Now introduce the error

e =20 _ 3z =20 4+ Q;'qy
and consider the error norm

€] = (e9)7 Pe?
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The optimization algorithm is supposed to be
x(i+1) — x(z) _ ai(V//(x(i)))—IV/(x(i))
The error norm develops in one iteration of the

) = el — o (V" (x) V' (x) | (6.37)
e — ;@5 (Qax™ + q1) = (1 — a;)el? (6.38)

The error norm develops in one iteration of the as
e D3 = (1 —ai)?e?]3

so that ||e(?||2 decreases for step lengths chosen in the range 0 < «; < 2.

6.3 Consider data generated by the MA-process
St yr=0biup 1 +boup g+ -+ bplp—m + vk

where {v;} is a colored noise sequence. Assume that the following model
is adopted
M: y,=biup1+boupo+-+bpitpm

Least-squares identification based on the linear regression model

b1
by
My =¢T0= (uk_l Uh—g ... uk_m] . (6.39)
b
or Q/N = CI>N9 with
Um Um—-1 .- Ui Ym+1
um+1 Um . [25)) ym+2
P, = ) ) ) , and 9y = ) (6.40)
UN-1 UN-2 ... UN-m YN
The least-squares estimate is
6 = (PLdy) 'Ly = (PLDN) DN (PNO+V)  (6.41)
= 0+ (pLoy) oL (6.42)
with the expected value
T{0} = E{(PRPn) PRI N} = E{(PNPN) ' PN(PNO + 1)} (6.43)
1 1
= —— Loy (@] 44
0+ T{(——®hdN) (o Phv)} (6.44)
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6.4

6 Chap. 6
As @y depends only on past values {u.}, we have
lim £{(+- L 6Ty (-t aTy)} =0
N—oo —m NEN N-—m N

if and only if E{®L v} = 0, i.e., if and only if {v} is uncorrelated with {uy}.
According to Def. B9 in Appendix B of System Modeling and Identification
(p- 422) we conclude that such an estimate is consistent (in probability)
with the probability limit

plim 0=0

As a result, we are not faced with the dilemma encountered in the context
of least-squares identification of autoregressive moving average models
in which the the noise sequence {v;} and the output sequence {y;} are
generally correlated. The only essential restriction imposed for MA-models
is the the input sequence {u;} may not be generated by output feedback
which would introduce undesired correlation.

Assume that the noise components {v;}Y , are arranged as the vector v
with the associated probability density function

N N vl v
f) = 1;[ ) he 1?; _ O'ZN(Hvk 62’ Vop 20
Assuming a linear model
Ve = 030+uy (6.45)
Y (6.46)

and given the observations 9y and the regressor matrix ® thus results
in the following likelihood function for 6

N
L(6,0%) = (H f(€46,0%)) (6.47)
N 0'2N H exp(( 12)(9/1\7 — dN0)"(Yy — PNb)) (6.48)

for £, > 0, Vk and the log-likelihood function, Ve, > 0, is

N

- 1 _ _

log L(6,6%) = —Nlogo® — > loge, — 552 OV — DNO)" (VN — Pnb)
k=1

©Rolf Johansson, 2008-2014
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6.5

The partial derivatives with respect to 62 and 0 are

OL(6 1 )

81(9 b - - Z Vi — ¢k9 — 5 (- PN + Py PNE)  (649)
k=1

850(2) = —No*+ ﬁ@” N —®xn6)" (Vn — Pn) (6.50)

Putting the gradient to zero shows that there are extrema for
1 — _
2 T
= (Yy—Dnb N
0" = o (N —DnO)" (YN — PnO)

If we substitute o2 in the log-likelihood function, then we obtain

logL() = —-N log(—(f}/N PN0) T (Vy — PNO))
N N N

B — Zlogg,% —N-— Nlog(z £2) — = Zlogsz (6.51)
k=1 k=1 k=1

which can be solved numerically by evaluating L(6) and 0L(0)/00, see
Appendic C of System Modeling and Identification.

The system generating data is assumed to be
yre1 = a(ur +wp), wp € N(0,02), E{ww;} = c25;
Considering this as a linear regression problem we have
M yre1=aup

with the observation and regressor matrices

T
In = (yl Yo ... yN) (6.52)
and
T
CI)N: (uo ui ... uN_1] (653)
Evaluate
N—1
Loy = Z u;, and Py = Zykuk 1
k=1 k=1
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and 1 1
On = (NCDII\}CI)N)_I(NCDZI\}D/N)

with the asymptotical result
lim Gy = (E{uf}) " Elyuri} = ColCu(-1)

where
Cpu(—1) = E{(aur + awr)ur} = aCuy(0) + aCyy (0)

When C,,(0) = 0 we find that the parameter estimate is consistent as

lim Oy = C;.1(0)(aCuu(0) + aCuy(0)) = a + aC;;1(0)Cou (0) = @

N—oo

An alternative solution to this problem in the case of a known value o2 is
to adopt the maximum-likelihood approach with the log-likelihood function

N
_ 1 2 2 1 2 _
log L(6) = —Nlog V27 — 2Nloge 50752 ;(yk $r0)°, 0 =a
with the derivative
dlogL(6) .1 1 & , 1 & r
0 - Ngtgge ;(yk — 9r0)" + 9252 ;%(yk — 0, 0)

As it is a difficult task to analytically solve for the optimum of the log-
likelihood function, it is common practice to solve such problems numer-
ically, see Fig. 6.1. Unfortunately, few software packages support the nu-
merical solution of such problems.

The idea behind the instrumental variable method is to find a set of vari-
ables Z for the linear regression model Yy = ®n60 + v or

8=v=9/N—CI)N9

so that
0=ZTv=2Tyy -ZToNn0=Z"¢

which enables the solution
é\: (ZTCDN)_lzTD/N
Thus we have the requested augmented system equation
I o £
[ ) 6= () 658
Z 0 0 0
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4 Inpyt u 5 Output y
2 |
ol k' oy ‘\‘
-2
_4 I _5 I
0 500 1000 0 500 1000
0 x104 Log-IikeIihqod functipn
2L |
4L 4
-6 I I |
0 1 2 3 4
Parameter value
Figure 6.1 Log-likelihood function for the example in Exercise 6.5 (a = 1)
based on N = 1000 data points with minimum at 6 = 0.987.
The augmented system equation gives
£ I & 1
(6ol ) (%) 659
0 Z 0 0
and it is straightforward to verify that
I Dy -1 _ I— CI)N(ZTCDN)_IZT CI)]\/'(ZT(I)]\/')_1 (6 56)
ZT 0 B (ZToyN) 12T —(ZTdy)! '
so that
€ [ —dN(ZTDN)1ZT on(ZTDdy) !
[ ] [ ~( N) ~( N) ] [9/9\[] (6.57)

6.8

(ZTq)N)—lZT —(ZTCI)N)_l

We consider a linear regression model )y = ® 560 +v with Cov(v) = £, and
E{v} = 0. The augmented system equation for the instrumental variable
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[z 0 ) (6) =) @

[ ) (o) = (%) 659

from Eq. (6.58 ) we obtain the relationship

[z 5] (5= 16) o0

Hence we have the requested relationship

I @ X,  Ownx
COV{[ T N] [i] =CoV{[ 0 ]=[ N”] (6.61)

method is

By subtracting

Cov{[g]} = Cov [ZIT CDON]
— Cov{ [OPUXI] (6.62)

I CI)N -1 v I CI)N -T
~ C 6.63
[ZT 0 ] OV{[opxl] [ZT 0 ] (6.63)

I ®x)Y ' ( Z, Ownx I ®y) 7

By applying the result of Exercizes 6.7 to Eq. (6.64) we obtain the covari-
ance estimate

£ I &)Y ( %, Oy I ®y)F
0 zT 0 OpxN Opxp Z 0

B [ px,PT Py RT ] (6.66)
~ | Rx,PT Rx,RT '
for P= (I —®n(ZTdy)1ZT) and R = (ZTdy) 1 Z7.
Consider the functions
fi(A) = logdetA (6.67)
f2(A) = tr(WA) (6.68)

where W is a symmetric positive definite weighting matrix.
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For square symmetric matrices A and Ay where A > Ay > 0 there is a
matrix factorization such that

Ag=L"L
Thus for any matrix A = AT > 0 we can evaluate the function

fi(Ao+A) — f1(Ao) = logdet(Ao+ A) —logdet(Ay) (6.69)
= logdet(I + L-TAL™) (6.70)
= logdetT }(I+ L "AL™T (6.71)
= logdet(I + T'L~TAL'T) (6.72)

where T is any invertible matrix. In particular, we can choose T according
to a similarity transformation such that

AL 0 ... 0
0 Ay .
TLTAL'T = ? (6.73)
Lo 0
0 ... 0 Ay

so that we can verify the inequality

fi(Ao+A) — fi(Ag) =Y log(1+ ) >0
k=1

An alternative solution is

fi(A) — fi(Ag) = logdetA —logdet A, (6.74)
= logH Ar(A) — logH Ar(Ap) (6.75)
k=1 k=1
= [](logAr(A) —logAr(A0)) >0  (6.76)
k=1

where A,(A); k=1,2,...,n denotes the kth eigenvalue of the n xn—matrix
A.

For the second inequality in Eq. (6.68) with a positive definite weighting
matrix W factorized as W = LT L, we find that

fo(Ag + A) — fo(Ap) = tr(WA) = tr(LALT) > 0

For square symmetric matrices A and Ay where A > A, it holds that
f1(A) > f1(Ao) and f2(A) > f2(Ao).
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6.10 The sequence {v;} is a sequence of independent identically distributed

stochastic variables, each with the probability density function f(x) =
ue #*, We have the following equations for the system and the model

S: Vp, = Yypt+ayp_1— buk_l (677)
M: & = Y+ ayp—1 — bup_1 (6.78)

An assumption underlying the formulation of the likelihood function is that
for true parameter theta we have

Ek(e) = y+ay,1—bup_1=uvp (6.79)
f(er(0)) = f(ve) (6.80)
The likelihood function is then
i N
L@w = [[ e (6.81)
k=1
N o~
= H,u exp(—p(yr + ayp—1 — bup_1)) (6.82)
k=1

and the log-likelihood function is
N ~ a
log L(6, 1) = Nlogu — Y (ye + @yt — buj—1), 6= [ ) ] (6.83)
k=1

The partial derivative with respect to u is

~ N
Olog L(6, N ~ ~
PR =S (o s =)

which suggest u to be chosen as

N

N ~
> (o + @yp—1 — bup_1)
r=1

fi=

If u is substituted for Z in the log-likelihood function, we have

N
logL(6) = NlogN — N — logZ(yk + @yp—1 — bup_1)
k=1

This modified optimization problem may be approached by numerical meth-
ods in order to find the optimal 6.
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Modeling

7.1 XSAssuming y(t) to be the observed variable, we solve the differential

7.2

equation given in the formulation of this exercise in the textbook

x(t) = e "tx(t) (7.1)
y(t) = ceTE0x(ty) = ey (1) (7.2)

Taking logarithms we obtain

log y(t) = log y(to) — r(t — to)
and we can solve for the desired transfer coefficient by means of the equa-
tion

. _ logy(t) —log y(?)
t—to

Consider the serum and gastrointestinal compartments with the distribu-
tion volumes V; and Vs, and the concentration x; and x9, respectively.

X1 = —rixi;+rexs +rsxs—raxi (7.3)
xZ = —TI9X9 (74)
X3 = —TI3Xg+rax (7.5)

where oral intake loads the gastrointestinal compartment xo whereas in-
travenous (i.v.) infusion loads the serum compartment x;. Visual interpre-
tation of the graphs of data suggests that a first order model might suffice
for intravenous (i.v.) intake, i.e., a first hypothesis is that the tissue com-
partment might be neglected. A reduced set of equation to model this case
is

X1 = —rixi+roxy (7.6)

xZ = —TIr9Xy (77)
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Gastrointestinal Tissue

compartment

compartment

X

\
2 } 3
\

Figure 7.1 Compartment model of Exercise 7.2.

Loading of the serum compartment at time ¢ = ¢, gives rise to elimination
according to the equation

X1 (t) = e_”(t_t‘))xlo, where X10 = m
Vi
and where
m;, Dose loaded into compartment i )
P . 1=1,23 (7.8)
V; Distribution volume of compartment i

The transfer coefficient r; and the distribution volume can thus be deter-
mined by fitting data to a model.

Numerical optimization can be done of the following least-squares criterion
N m

Ji(K,r1) = tr) — Ke )2, K = — 7.9

1(K,r1) ;(xl( k) e ) vV (7.9)

which is nonlinear in parameters. Another approach is to optimize the
following least-squares criterion model

(log x1(tz) — log K + rit;)? (7.10)

] =

Jo(K,r1) =

B
Il
-

(logx1(tz) — logm + log V + r1tz)? (7.11)

WE

B
Il
-

based on the linear regression
M . Q/N = CI>N9
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which can be organized as

logx1(t1) — logm -1 -t
log x1(t2) — logm -1 —t

_{)/N = . , and (I)N = . . (7.12)
logx1(tn) — logm -1 —tn

and the parameter vector

6 = (logK) (7.13)

ri

The advantage of optimizing Eq. (7.12 ) as compared to Eq. (7.9) is that it
is linear in the parameters logV and r; and can be solved as an ordinary
least-squares problem. Application to the data provided in the textbook

yields
logV 3.2754 \% 56.64 [[]
ri 0.2387 ri 0.2572 [h]
The distribution volume of 56 [l] might appear large in comparison to
the human blood volume of about 5 [l]. Standard interpretations of such
results are that the drug is somehow chemically bound to some component
of the blood and released slowly. Another interpretation is that the blood

compartment and the tissue compartment are indistinguishable from the
point of view of drug distribution.

When loading the gastrointestinal compartment we have

X1 = —rixi+roxy (7.15)

X9 = —TIoXg rg—ri (716)

By minimizing the function (for instance by means of the procedure “FMINS”
in Matlab)

N
J3(K,r1,r2) = Z(xl(tk) — K (e — g7"1t))2
k=1

we obtain the numerical values

K 4.22-1073
ri | = 0.249 (7.17)
ro 2.38
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[mg/l]

[mg/l]

7 Chap. 7

Serqm concentratipn after p.o. iqtake

2
15" N 1
1, _
0.5 -
/ = —7;_,;77"’""’»——;::::‘*—>,;a
O' i i i 7;\7>—777>777\>"::"’:E)
0 2 4 6 8 10 12
Time[h]
2 Serum concentratiqn afteri.v.infysion

Time[h]

Figure 7.2 Fitting of two-compartment model to the data in Exercise 7.2

The fitted two-compartment model output and data are shown in Fig. 7.17.
The estimate of the transfer coefficient r; is consistent with the estimate
provided in Eq. (7.14). The transfer coefficient s representing the absorp-
tion of the drug from the gastrointestinal tract is about ten times larger
than the time constant r; representing elimination. Further refinement
can be achieved by additional modeling of the tissue compartment.

A major drawback with the explicit method presented above is that the
complexity of the optimization problem increases at a fast rate as the num-
ber of compartments increases. An alternative means of analysis can be
approached by considering the methods of Chapter 12 of System Modeling
and Identification. If we model the loading of a certain compartment by
means of the linear model

x(¢) = Ax(t)+ Bd(¢) (7.18)
sX(s) = AX(s)+B (7.19)
then we can apply the operator transform

. 1
 1+471s
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to Eq. (7.19) we find

11—A(s) .,
I X=AX+B

which yields the linear regression model
X ={I+7A)(A(s)X) + 7(A(s)B)

which is expressed in the compartment states x and the input.

Application of the same methodology to a transfer function model from
input to (a restricted set of) outputs according to the equations

x(t) = Ax(¢)+ Bo(t) (7.20)
y = Cx =Y(s)=C(sI-—A)"'B (7.21)

For instance, for the two-compartment model given above with y(¢) be-
ing the elimination rate rix1(¢) and with loading of the gastrointestinal
compartment at the time ¢ = 0, we arrive at the transfer function model

YO = 6 A, 000
Application of the operator transform
1
A= 1+7s
gives the linear regression model
[(1=2)2Y(s)] = —(ri+r)[tA(1=A)Y(s)] — rire[t2A%Y(s)] (7.22)
+ nm%?ﬁﬂqun] (7.23)
or in the time domain
(A=) y@)}] = —(r1+r2)[fA(1 = ) {y()}] = rir2[r®A% {y(t)}] (7.24)
+ nm%?ﬁ%ﬁ&ﬂﬂ (7.25)

which can be solved by linear regression methods with results similar
to Eq. (7.14) being obtained. The continuous-time modeling exhibits nice
properties as the model-order dependent complexity effectively precludes
explicit criterion minimization for model complexity greater than model
order two or three.
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7.3

7.4
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We consider the logistic curve
(w) =x(u) + 1 +
= € = €
Y 1+ exp(—(a + pu))
By making the suggested transformation
z = log T (7.26)
~ log 14 €(1 4+ exp(—(a + Bu))) (727

exp(—(a + fu)) — €(1 + exp(—(a + fu)))

= log(1+ ¢(1+ exp(—(a + Pu)))) — logexp(—(a + Bu)) (7.28

e(1 + exp(—(a + ﬁu))))
exp(—(a + pu))

= (a+ Pu)log(l+ e(1+ exp(—(a + Bu))))

_€(1 + exp(—(a + ﬁu))))

exp(—(a + pu))

— log(1—

— log(1

)
)
(7.29)
(7.30)

)

(7.31

Using the standard identity log(1 + x) < x we obtain for small € that

(1 + exp(—(a + Bu)))”

zr~ (o + Pu) +e oxp(—(a + fu))

Assuming observations {¢;} of € to be small and statistically independent,
we would expect such a linear regression model to yield unbiased esti-
mates. The magnification factor is, however, very large for certain values

of u.

In this exercise is considered a cylindrical water tank with cross section

area A and outlet area a

The differential equation

A% = —a+\/2gh

is solved by separation of variables, resulting in

h' a /g , _dh

ovn AV 2 T odt

and
a
V@ - VAl =~ 5[5~
which gives
h(t) = ho(1 — %)2, to<t<ty+T

where h(ty) = ho, and T = %\/Zhog.
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b.

7.5

The equation
h(t) = ho(1— %)2, 0<t<T

can be rewritten as

1 1
¥(t) = = T = ()0
1_ Y
ho
The data are Ay = 10 and
t= 1 2 3 4
h(t) = 8.9 7.4 6.3 5.5
(7.32)
y(t) = 1767 7.16 485 3.87
P(t) = 1 0.5 0.333 0.25

which yields the least-squares estimate

4
T = (Z co%) > owyn =167
1 1

The robot dynamics equations for 7; and 72 are linear in the mass param-
eters m; and my. Collecting terms gives

= (Tl) _ (%1 ¢12) (ml) ) (7.33)
T2 ®21 P22 mo

with
011 = l%ql + l1gct (7.34)
Q12 = 13(G1+ d2) + Lilaca (241 + o) + 1361 — 11125245 — 2111282412
+ lsgcie +1l1gcq (7.35)
021 = 0 (736)
P22 = lilscagy + l1lasaqi + lagers + 15 (G + Ga) (7.37)
The accelerations ¢; occurs in the robot dynamics equations as a¢g; and

cigj = cos(q;)g,. Filtering of ag; with a first order low pass filter (see
Chapter 12 in System Modeling and Identification for details of this the-
ory.)

1
A=
1+ pT
where p = d/dt, gives
.y 1 . p .
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which is a realizable filtering of the speed ¢;. The terms cos(g;)g; cannot
be handled in the same way. Instead we use the relationship

d : .
cos(qi)g; = a1 (cos(qi)q;) + sin(q;)q:q;

A low pass filtering now gives

y p : 1 : .
1+ pT (cos(qi)d;) = 1+pT (cos(qi)g;) + 1+ pT (sin(q:)4iq;)
where the right side is realizable. Introduce the filters
FLo= 1 (7.38)
T 14T '
- _pr _ 1,4
F, = 13T T(l A) (7.39)

Applying the filter F; on the robot dynamics equations, the result can be

written as
Th P Pho mi T
ff:< ):( )( ):go 6() (7.40)
Tt Py Pt ma !

where 7, = F17 and

¢, = liFq+hgFic (7.41)
Or, = 15(Faq1+ Fadz) + l1152(F3(c2q1) + Fi(s2d142)) (7.42)
+  lils(Fa(c2da) + Fi(s2d3)) + 11 Fagr — LiloFi(s2q3)  (7.43)
2U1l5F1(s2q1G2) + l2gFiciz + ligFicy (7.44)

Py = 0 (7.45)
Op, = Ulla(Fa(c2g1) + Fi(s2q142)) + lilaF1(529142) (7.46)
+ lagFici2 + I5(Fad1 + Fago (7.47)

c. The robot dynamics equations can be written as

mzlg
mzlllz
1:(('011 P12 P13 P14 (015) (my+ma)l2 | = o706 (7.48)
P21 P22 P23 P21 P25
mglz
(m1 4+ m2)ly

where @;; are functions of q;, ¢; and ¢;. We see that the parameter vector
now contains combinations of the original parameters mi, mo, 1 and [s.
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Identification is thus possible if the nonlinear equations relating the iden-
tified parameters 0, and the original parameters, are solvable. One such
alternative is to solve for

o _ 6
63 0
mi 9_2
M| 6 (7.49)
I @
lz 94
61
0,4
7.6
a. Introducing the variables
a(t) = —a(t)ul(t) (7.50)
v(t) = a(t)u(t)e(t) — R(t) (7.51)

the dynamic equation for the dissolved oxygen dynamics can be written as

y(t) —a(t)y(t) = v(?) (7.52)

Given y(¢9), the solution is

t t t
y(t) = el a(T)dTy(to) +/ els )7y (s)ds

to

Sampling gives

N khth .

y(kh +R) = elin 9@ty (b _|_/ el @y (6) g

kh
Since a(t) and v(t) are constant between the sampling instants, this sim-
plifies to
h
y(kh + h) = **hy(kh) + / ) (h=s) s v (kh) (7.53)
0

Introduce h° by

h
1
o _ a(kh)(h—s) — a(kh)h __
h /0 e ds (kR (e 1)

This gives
ek — 4 (RR)R® + 1
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Z
g d
() /( -
"
— \\ y

Figure 7.3 Definition of coordinates

Equation (7.53) can now be written as
y(kh + h) — y(kh)

ho
But (7.52) gives a(kh)y(kh) + v(kh) = y(kh) which gives the resulting

sampled model

y(kh) = a(kh)u(kh)(c(kh) — y(kh)) — R(kh)

= a(kh)y(kh) + v(kh)

where
y(kh +h) —y(kh) _ y(kh +h) — y(kh)

ho 1
_ = (pa(kh)h _
alen) ¢ 1)

y(kh) =

(7.54)

b. We see from (7.54) that if h° is replaced by the sampling interval h, we
obtain a forward Euler approximation of the derivative. The sampling in-
terval must typically be chosen smaller for the Euler approximation. This
may lead to a sampling interval that is too small for identification of the
relevant dynamics. If the assumption on piecewise constant signals is cor-
rect, the expression (7.54) gives an exact formula for y, which gives more
freedom in the choice of sampling interval.

7.7 Introducing the horizontal position y and the vertical position z for the
ball (see Figure 7.3), we get

y = dsin(@) + xcos(p) (7.55)
z = d—dcos(¢)+ xsin(p) (7.56)

Differentiation gives

j = d@cos(p)—de®sin() + & cos(@) (7.57)
—  2x¢sin(@) — x@ sin(@) — x¢* cos(¢) (7.58)
2 = d@sin(@) + d¢? cos(p) + i sin() (7.59)
4+ 2x¢) cos(@) + x¢) cos(p) — x¢? sin(9) (7.60)
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Figure 7.4 Forces acting on the ball

A force balance for the ball (see Fig. 7.4) is given by

my = —Nsin(¢)— F cos(p) (7.61)
mZ = N cos(p)— Fsin(¢p) —mg (7.62)

The force N is eliminated by multiplying the upper equations in (7.60)
and (7.61) with cos(¢), and multiplying the lower equations with sin(¢),
resulting in

m(jcos(@) + zsin(p)) = —F —mgsin(¢) = m(dp + i —x¢?) (7.63)

Assuming that the friction between the ball and the beam is such that the
ball is rolling along the beam, the force F' is given by

92X

Fr=dJo= Jlf = amr®~ = F = ams (7.64)

Using (7.63) and (7.64), we now obtain the dynamics from the angle ¢ of
the beam, to the position x of the ball, as

(1+ )% —x¢? +dp = —gsin(p) (7.65)

An equation where also the applied torque 7 is included is obtained from
a torque balance for the beam:

Jop =7 — Mgdsin(¢) — Nx + Fd (7.66)
Using (7.60) and (7.61), the force N is given by

N —mgcos(p) = m(Zcos(@p)— jsin(p)) (7.67)
= m(d¢®+ 2% + x¢) (7.68)
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where the upper equations in (7.60) and (7.61) are multiplied by — sin(¢),
and the lower equations are multiplied by cos(¢). The dynamic equation
for the beam then becomes

Jop =T — Mgd sin(p) — m(d@? + 22 + x¢ + g cos(9))x + amid
Using (7.65) for replacing x¢?, we get
Jop = T—Mgdsin(¢) —m(d((1+ )i+ d¢ + gsin(@)) + 2xx¢ (7.69)
+  x%¢ + gxcos(@)) + amid (7.70)
which is simplified to
Jop = T — Mgdsin(p) (7.71)
— m (di + d*¢ + dg sin(@) + 2xx¢ + x°¢ + gx cos(9)) (7.72)

The measurable signals are x, %, ¢ and 7. The dynamic equation (7.72)
contains also ¢, ¢, and %. The relation

2x5¢) + x%¢ = Ol—z(x2 )—21(x3‘c )
can be used to rewrite the dynamics (7.72) as

Jop = T — Mgdsin(p) — m(di + d?¢ + dgsin(p) + gxcos(p) (7.73)
2 d
2 _ s .
+ 5 (4%0) — 2 (x39)) (7.74)

and we see that by filtering both sides in (7.73) with

1

O =2 = oy

d . o
where p = —, an identification model on the form

dt
Tr = (0;1019
is obtained.

We consider a compartmental model which evolves according to the differ-
ential equation
x=Ax, xe€R"

with a matrix A containing the transfer coefficients which describe transfer
from one compartment to another. Let us interpret the transfer of material
between the compartments as the flow variable ¢/, i.e.,

J(x(t)) = %(t) = Ax(t), x€R"
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Let us also introduce the candidate potential function as

1
V(x)=ga'Px, P=P'>0 (7.75)
If V(x) is the potential, then one would obtain the force variable as the
gradient, i.e.,
_OV(x) _
ox
The equilibrium x = 0 is thus the point where the force F(x) and the flow
J(x) both are zero. We also notice that

F(x) = —Px

FT () (x) = —%xT(PA + AT P)x

It is well known in stability theory that for any stable system matrix A,
i.e., with all eigenvalues of A having negative real part, we are able to find
a positive definite solution

T
P=pPT = lim At QeAldt > 0
—00 Jo

to the Lyapunov equation
PA+ATP=-Q, @=Q">0
Hence, for any stable system matrix A, i.e., with all eigenvalues of A having

negative real part, we are able to find a P of Eq. (7.75) which is a potential
function. For such systems we notice that

FT(x)J (x) = —%xT(PA + ATP)x = %xTQx >0

In addition, the value of the potential V' (x(t)) for stable systems decreases
in the course of time as

V(x(t) = V(x()) = /t(g—Z)Tx(t)dt (7.76)
= — tFT (x(2))J (x(2))dt (7.77)
= - / th (t)Qx(t)dt < 0 (7.78)
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The Experimental

Procedure

8.1

64

Consider a discrete-time sinusoidal sequence {u.};2; where the compo-
nents u; = sin wok. It has a periodic Fourier transform

Us(i0) = U (i) « F (11 (0)} = 5 (6(0 — 00) = 30+ 00) » 5= z011(0)

which results in

o0

Up(iw) = ) % (0(0 — @9 + ks) — §(@ + wo + k)
k=—00

with 0, = Nw,.

The signal u(k) is fed to the DA-converter which acts like a filter with
impulse response

() = 1, 0<t<T (8.1)
= 0, otherwise '

where T' = 27 /@, and transfer function

—ioT/2 sin a)T/2

T
; — —iwt —
W(wo)—/0 e "dt=e 02

The power of the fundamental frequency component is proportional to

sin® wo /2T B sin® 7z /N

Po= w022 = (w22
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The strongest harmonic frequency component is the one at @ = @w; — wy.
Its power is proportional to

sin®(wg — wo)T /2 _ sin? 7(1 —1/N) _ sin? 7 /N
(@5 —@0)2/4  (w0/2)*(N —1)2  (w0/2)*(N — 1)*’

The total power in all the harmonic frequency components is proportional

1=

to
= [ sin®(kws — @0)T/2 | sin®(kws + @) T /2
Be= 2 e —an/d (o, + a0’ /4 ) (8.2)
<~ [ sin’z(k—1/N) sin? z(k + 1/N)
= 2\ (@02 — 12 * (wu/2RN + 1)2> (59)
- sin® 7z /N sin®7 /N
= 2\ @ -1 * orzren + 1)2> (54

_ sin’z/N 1 °°( 1 1
(

(@of2)? N2 2=\ (= 1/N)2 ™ (k+1/N)2> = [1/N small ]

2

sin 7z/N 2 - > _ sin®zr/N n?

a. If we require that the power in the strongest harmonic to be less than 1%
of the power at the fundamental frequency

P, 1
—=-——-<0.01 N >11
B = (N 1) < = >
b. If we require that more than 99% of the power appear at the fundamental
frequency
Ph _ 71'2
Py+P, 3N2+4 72

We conclude that we need to sample the signal with a sampling frequency
20 times higher than that of the test frequency sinusoid.

<001 = N>18

8.2 Each value in the sequence {u.} is assumed to be normally distributed
N(0,02). Let F(x) denote the normal distribution function

2
F(x) = \/%/ e 2dt

A confidence interval with an upper and a lower limit—i.e., a two-sided
test—is relevant(see Table B.1). The probability that |uz| > u;in is given
by

P<2(1- F(”Z’"))
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Allowed standard deviation of white-noise input

0.45- i

0.35

0.3

0.25

0.2

0.151 B

0.1r B

0.05- 8

0 L Lo L T R R R L T R R B L T R R |
100 101 102 103 104

Number of samples N

Figure 8.1 Allowed standard deviation o of white-noise input {u;} where
u, € N(0,0?) for various number of samples N.

To have P < 0.01, we have to have

Ulim 1

F( p )>0995 = 0 <w;i2.5758 = 95758 0.3882

This is the relevant answer if we want to assure that a particular |ug]
does not exceed the limit the sequence u;;,,, = 1. However, if we want to
assure that {|u,|})_, does not exceed the limit u;;, at any sample k with
the probability P=0.01, then we should choose ¢ so that

[1—2(1— F(“Z’" NN < P =0.01

so that

Ulim 1+ PUN
F =
( (o ) 2

or
Ulim

o= 1
F-(5(1+ PY))

The upper limit of ¢ for a range of values of N is shown in Fig. 8.1.

8.3 Direct calculations give

m2=1/3, m3=1/7
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and
8/9=1-1/9, t=3k, k=0,£1,£2,...
Co(t) = : (8.6)
—4/9=-1/3-1/9, otherwise
48/49 =1—-1/49, t="Tk k=0,£1,£2,...
Cs(r) = ) (8.7)
—8/49 = —1/7 — 1/49, otherwise
and hence in general
1—1/M?, T=MFEk, k=0,+1+2, ...
Cy(7) = (8.8)
—1/M —1/M?, otherwise

with M =2V — 1.

Even for moderately large values of N, M will be large and the term 1/M?
in Cy(7) can be discarded. Then

1l M+l O N
Cn(r) = =37+ —; k;wa(w(z —1)k)
hence
, 11 & M+1 1 & W,
Cn(io) = —3rm Y 6o+ ko) + T > 5(w + k)
k=—00 =—00
-1 i S(w+ k) (8.9)
A M ‘
with
1/M, k=nM, n=0,+1,42,...
ch = ) , (8.10)
(M +1)/M*, otherwise

That is, the spectrum of a PRBS consists of a sum of sinusoids of (almost)
equal amplitude spaced w,/(2Y — 1) apart.

8.4 A DA-converter can be thought of as a linear system with the impulse
response

(0 1, 0<t<T (8.11)
w(t) = .
0, otherwise

fed with a train of Dirac pulses where each pulse have an energy corre-
sponding to the digital value fed to the converter (7" is the sample period).
The transfer function of the converter is

_ior/2SInOT /2

T
; — —iwt —
W(za))—/o e"dt=e o2

©Rolf Johansson, 2008-2014



68

8.5

8.6

8.7

8.8

8 Chap. 8

Therefore when feeding the PRBS through the DA-converter its spectrum
is changed with

sin? 0T /2
(0/2)

and although the PRBS has flat spectrum, the signal at the output of the
DA-converter no longer has any flat spectrum.

W (io)[* =

The coherence function can be written

[z Gppsz 1
T =\'8,S, =\ Su(IGRS, +8,) — S,

|G[2S,

Hence, 7,, will be close to 1 at frequences where the effect of the input sig-
nal dominates over the disturbance, while it will approach 0 for frequences
where the disturbance dominates.

The conclusion about low pass character is correct, but claiming a reso-
nance at frequency 20 is dubious since the coherence function is almost 0
at that frequency.

A sinusoid is only exciting of order two and therefore not sufficient if three
unknown parameters are to be consistently identified according to criteria
of persistency of excitation.

The system that generates data is assumed to be
S Ypy1 = —ayp+bup+wpiq + cwy (8.12)
up = —Kyk (8.13)

which gives the closed-loop system

St Yre1 = —(a 4+ bK)yp + wpy1 + cwy

A least-squares estimate of @ = —(a + bK) gives
a = (PyPn)'OYIN (8.14)
N-1 N-1
= Q. ) (8.15)
k=0 k=0
— 2)-1
- (N 1 kz_; Ye) (N 1 kz_% —YEYk+1) (8.16)
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The asymptotic results are

f{yiﬂ} = Z{(—(a +bK)yr + w1 + cwi)?}
= (a+bK)*E{y}} + 0%+ 0% — 2(a + bK)co?}
E{yrr1ve} = E{(—(a+bK)yp + wry1 + cwr)yr}
= —(a+bK)E{y:} + co?
E{ves2yry = E{(—(a+bK)Yrs1 + Why2 + cWry1)yr}
= —(a+bK)E{yr+1r}

Under stationary conditions we have E{y; .} = E{y3} so that

0.2

E{y?} = T (a+bK)2(1+cz —2c(a + bK))

and the asymptotical least-squares estimate is
E{a} = E{(PyPNn) 'O N}
N-1 N-1
= E{(Z yl%)_l(z —YrYe+1) }
k=0 k=0

N-1 N-1

1 2 col
_ m(—(a+bK)£{yk}+ o)
co?
R ——
1—(a+bK)2(1+02_2c(a+bK))

which is biased as expected.

By solving the Yule-Walker equations

(TED) O (1) = ()
(Col ) (ay - (&8
with the solution
(L) = (e ) (Foe)
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(8.17)
(8.18)
(8.19)
(8.20)
(8.21)
(8.22)

(8.23)

(8.24)

(8.25)

(8.26)

(8.27)

(8.28)

(8.29)

(8.30)

(8.31)



70 8 Chap. 8

or—using estimates C,,(7)—we have

a+ K\ _ (~Cu(®) 0)7 (Cul@) 5.52)
co? _ayy(o) 1 6yy(O) .
@ (8.33)
Cw(1) ny(1)2 — Cyy(0)Cyy(2)

8.9 We use the correlation matrix R,,(n) as formulated in the context of per-
sistency of excitation (see System Modeling and Identification Sec. 8.5).
For the step-formed input we have

1
11 ...1

RyMm)=|(. . . .|, Ruw(n)eR™ (8.34)
11 ...1

with rank R,,(n) = 1 for all orders n. Hence we have persistency of ex-
citation of order one. Using such a step-formed input in an identification
experiment we can expect one parameter only—for instance, a static gain—
to be consistently estimated.

REmARK: To avoid possible confusion arising we have to remind the reader
that statistical consistency deals with asymptotic properties and not with
transients. Traditional step-response tests rely on the information received
in the course of a transient behaviour of the system whereas the stationary
properties of a step response only give information about the static gain of

the system.
8.10 We consider a continuous-flow fermentation process can be modeled by the
equations
X = UX —lpX (8.35)
= —Rux+1ijp, (Sin — S) (8.36)

where x is the produced biomass, s substrate concentration, s;, influent
substrate concentration, i;, influent flow rate, R yield coefficient, u specific
growth rate.

The first problem in this context is that this is a nonlinear equation if we
consider i;,, to be a control input. On the other hand, if we assume i;, to
be constant, then we have a linear but autonomous system, i.e., a system
without any control input. Second, according to Eq. (8.35) we find that x
increases exponentially for i;, < u. Third, for such an unstable system we
anticipate problems with the system’s initial condition which somehow has
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to be estimated. One approach to solve this problem is to formulate linear
regression models in the form of integrals over time intervals [t 1],

tet1

t(ter) —x(t) = u | x(@)di— / (Ot (8.37)

tr tr
78]

s(ten) —s(ts) = —Ru [ x(®)dt+ /tk“im(sm—s(t))dt (8.38)

tr tr
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Model Validation

9.1 The augmented system equation for the error of the least-squares estimate

IS (qf% chN) (;N) B (;) (9.1)
(;N) B (@IJTV q)oN)_l (;) (9:2)

A covariance calculation gives

Cov{(;>}= (20 g) (9.3)

Thus, we can estimate

cov{(;N)}=(qf§ q;N)_l(ZOe g) (qf% CDON)_I (9.4)

9.2 A first calculation is

( I cpN)—l_ (I—ch(cpJT\,ch)—1c1>]Tv ch(cpJT\,ch)—l)
oy 0 (PN Pn) 0L —(®yPw)!

so that

(9.5)

when cI)]:’\}cb ~ 1s invertible. Direct application to the covariance expression
in Exercise 9.1 gives

(I— N (PRPN) PN Z PN (PR DPN) ™

In the special case when X, = o2I we note that the covariance between &
and Oy is zero.
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Model Approximation

10.1 A polynomial series expansion of Gg(s) is

Gols) =+ 21— p—pays+-

Matching of the truncated Taylor expansion to an mth order transfer func-
tion gives
B,.(s) = G (s)Am(s)
For m = 1 we have
b=(g90+91s)(s+a)
so that
g1
5/(5(1 — B —Ba))
5. 1 (10.1)
b=goa=—gg/g1= —(a)z/(a(l — p - Ba))

a=—go/g1=—

10.2 As 07 and o5 are of the same order of magnitude it is not advisable to do
any model reduction. Factorization of the transfer function

z—1 . z—1
22 —-1.792+0.792 (z—0.99)(z—0.8)

shows that the zero at z = 1 “almost” cancels the pole at z = 0.99.
10.3 Let z = ¥ = T'x and apply the theory presented in Sec. 10.2 of System
Modeling and Identification [1]. We find the 7! that diagonalizes
= T1'pT T (10.2)
T'QT (10.3)

O NI
[
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10.4 Assuming that the balanced state-space representation of a certain given

continuous-time system is
A A B
ala) = G ) () () oo
dt X0 A01 AOO X0 BO
1) + Du (10.5)

y = (G Co)(;co

one can approach model reduction by approximating
Xo = 0, and Xo = —AaOlA()lxl — AaOlBou (106)
The reduced-order state-space model is then

X1 = (All — AloA&}A()l)xl + (Bl — AlOAaolBO)u (107)

y = (Cl — COA&)lAOl)xl + (D — C()AaolB())u (108)

which contains a direct term from u to y also if the full-order direct term
is zero.

Now assume that we define X according to

xg € R™ X0
x1 € R* and X = | x; | € R*™*P (10.9)
uec R?P u

From Eq. (10.6) we find that the states of the reduced-order model evolve
on the subspace determined by the the equation

X1
(A(;OIA()l L, «m Aa()lBO ) X0 =0 (1010)
u

which we may denote
ApX =0, A, € R™X(mintp)
A suitable projection matrix is
P = Iminsp)x(m+ntp) — AZ; (AmArj;)_lAm
The system output can thus be written

X1
y = (Cl C() D) X0 (1011)

u

©Rolf Johansson, 2008-2014
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and the output of the reduced-order model

X1
y,:(Cl CO D)PX:(Cl C() D)P X0 (1012)
u

which gives the desired geometric interpretation of projection of the origi-
nal (m+n+p)—dimensional state vector to a (n+p)—dimensional subspace.

10.5 We consider a state vector x with the system equation
x=Ax+ Bu
and the impulse response
x(t) = B, t>0

The following integral is essential in order to evaluate the energy of x

Crx = / x(t)xT (t)dt = / eA'BBT A dt
0 0
If we introduce

t
P(t) = / eA"BBTeA dr
0

with the derivative

dP(t) — eAtBBTeATtdt
dt
we also notice that
t
P)AT + AP(t) = / eA"BBT e "AT + Ae*"BBTeA "dr  (10.13)
0
= / "4 g T AT g (10.14)
)y dt '
= eYBBTeA" — BBT (10.15)
dP(t) T
~~ — BB (10.16)

and we can summarize the matrix differential equation

%ﬁ’f) = P(t)AT + AP(t) + BBT

For a stable system we expect to have the limit

lim 220 _o o 0 = P(c0)AT + AP(c0) + BBT

t—oo dt
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which satisfies the Lyapunov equation
PAT + AP = -BB”
Assume now that we consider a state-space transformation
z="Tx, with 2= TAT 'x + TBu

with the impulse response energy

ey = / 2(t)27 (t)dt = P,
0
where P, solves the Lyapunov equation
P, T-TATTT + TAT'P, = -TBB™T”
By multiplication from the left by 77! and T~! we have
T'P,7TAT + AT'P,7" = —-BB”

so that
P=1"'pT T

By choosing T' as a matrix factor of P~! obtained from the matrix factor-

ization equation
Pl=T1TT

we manage to find the state-space transformation
z=Tx

with the finite energy integral
ez = / 2t)T ()dt=P, =1
0

and we may conclude that the impulse responses in the state vector z are
“orthogonal.”

ExampLE: Consider the state-space system

=()=(Co) @) )e om

A solution to the Lyapunov equation

P(j 3)T+(_11 3)()P=—G 1) (10.18)
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1 | Origi na! State veptor com‘ponents‘
05 i
O [ ) __ = - ]
_05 | | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10
Time[g]
15 Othogonanzed state vector components
1 L |

Time[s]

Figure 10.1 Ortogonalized impulse resonses by means of a state space
transformation derived from the Lyapunov equation.

is
1 05
P= (10.19)
05 0.5
and
1 -1
T=v2 10.20
(6 1) (10.20)
solves the equation P~! = TTT. The state-space transformation
2=Tx, 2= (Zl) (10.21)
22

has components z; and z; with orthogonal impulse responses, i.e,
/ w2 (O)dt = 8, ij=1,2
0

Orthogonal signals can be applied in order to produce test signals with
suitable excitation properties.
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Real-Time Identification

11.1 The prediction error least-squares criterion applied to recursive least-

squares identification is

V(6;) = %(9/1@ — @,0,)T (95 — Pi6y) = %g(é\k)Tg(é\k)

and a weighted parameter error criterion is

1 _ 1~ O U
Q(6r) = 5(9k — 0)T (@} P1)(6r — 6) = 595@9%%)% = §9£Pk_19k

The prediction error least-squares criterion can be expressed as
~ 1 ~ ~
V(6r) = §(D/k — @,0;)T (7% — ©r6)

1 ~ ~
= 5(_q)k9k + U)T(—Cbkek + v)

1 ~ ~ -
= §(ev,fcp,fcbk@k +vTv — 207 ®1) (11.1)

The orthogonality principle states that
0= g(é\k)T(I)k = UT(I)k — ggq)gq)k (112)

Substitution of Eq. (11.2) into Eq. (11.1) and rearrangement of the terms
gives the requested relationship

V(6:) + Q(6;) =vTv

11.2 The recursive least-squares algorithm including a forgetting factor for es-

78

timation of time-varying parameters is

§k = §k—1 + Prorep, (11.3)

Er = Yr— (I)Z@k_l (11.4)
1 P_10107 Pr_1

P, = —(Py_1— 11.5
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as presented in Sec. 11.2 of the textbook. The prediction error least-squares
criterion and a parameter error criterion applied to recursive least-squares
identification with forgetting factor A are

V(B = %(yk—q>k§k)TWk(yk—q>k§k)=%s(ék)TWke@) (11.6)
QO = 50— 0) Wi(@[®u) (6.~ 0) = 67 Py (11.7)

where W), is a weighting matrix with components
wij:lk_i6ij, i:1,2,...,k and j:1,2,...,k

The prediction error least-squares criterion can be expressed as

V(6r) = %(D/k — ©405) T Wi (73 — ©16%) (11.8)
= %(—Cpkgk +0) T Wi (— D6 + ) (11.9)
1

= §(§,Zcp£wkcpk§k + "W —20"T®T W)  (11.10)
The orthogonality principle states that
0= 8(§k)TWk(I)k = UTWkCI)k — ggq)%WkCDk (1111)

Substitution of Eq. (11.11 ) into Eq. (11.10) and rearrangement of the
terms gives the requested relationship

V(1) + Q(6) = vT Wy

As can be seen from the following calculation, the parameter error develops
irregularly over time

A 1

QB —AQ(811) = GOIF;'6h— 501 (Pil6) 1 = (11.12)

1- _

= 591;:—1(1[’;?1 — AP;11)0r 1 (11.13)
- 1

+ L 10ner + 0L Prorey = (11.14)
1,~ 1

= S(6010x + 1) + 5 (-1 + 91 Prgr)e} (1115)
1 ~ 1 A

= S(Oh a0k +er)* — 7 (1116

Under the linear model assumption y, = (I),ZH + v, so that €, = —§£_l¢k +
v one can conclude that the parameter error develops in the following
indefinite way

) ) _1, 1 A 2
Q0n) = AQ(Os1) = G0} 21+¢1{Pk—1¢k8k

5 (11.17)
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11.3

11 Chap. 11

whereas R R
V(61) + Q(6r) = v Wy

and
E{V(6;) + Q(6r)} = E{v" Wy} = tr(W,E{vv”}) = tr(W,X,)

In particular, if ¥, = Q'ZI and we recall that the weighting matrix W, with
components w;; = A*71§;;, then

zl_lN—l—l 0.2
o <17 (118

N
E{V(0r) + Q) =0>) AN =0
k=1

Finally, if we impose the condition of persistent excitation of the form

1 1
R =R" = lim ~ofwW,®, = lim “P;t>0

k—o00

we can conclude from Eq. (11.18) that

1 .~ 1~ 1 2
E(V(0) + Q60 = 1

so that
0 < lim £{1V(§)} = lim E{ L o7 T W, 6} < lim 1Q(§ )=0
=l A R s T A M = AN
As the weighting matrix P,/k converges to the nonzero matrix R un-
der conditions of persistent excitation, we can in such cases claim that
lim;_, ||| = 0, i.e., we claim to have consistent estimates of 8. However,

as the condition of persistent excitation is difficult to check, this informa-
tion is not very helpful in application.

We consider the variables
V() = %e(ék)Te(ék) (11.19)
Q@) = S(Bi—0) PG —0)= J6TP0,  (11.20)
which satisfy the relationship
V(6:) + Q(6;) =vTv
The mathematical expectation
E{V(6:) + Q(6:)} = E{v"v} = E{tr(vv")} = tr(,)

©Rolf Johansson, 2008-2014
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11.4
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where X, is the covariance matrix of the noise v under the assumption of a
zero-mean noise sequence. For instance, assuming the uncorrelated noise
sequence {vk}};’: 1 has independent identically distributed components with

¥, = 021, we find that
E{vTv} = E{tr{vvT}} = tr{Z,} = No?

and

E{V(0)} + E{Q(6:)} = E{V (6))} + E{tr(P; 16,67 )}

As Z{gkgf} = P,0? we find for the last term of Eq. (11.21 ) is

E{tr(P;16,07)} = o*tr(I,y,)
Hence we have the equation
L{V(61)} = (N — p)o?

Based on this relationship we suggest the variance estimate

Consider the weighted parameter error

~

V(Bh) = 2 (6 — 0)7Q (6, — 6)

2
in the case of an algorithm
§k = é\k—l + Vr€k
Er = Yh—9r0n1
Ve = Qor/rr, R=Q" >0
re = ri1+0iQ '

where @ is some positive definite weighting matrix.

(11.21)

(11.22)
(11.23)
(11.24)
(11.25)

Assuming the system generating data can be described by the linear re-
gression model y, = ¢£9 + vi, we now consider how V(6;) develops over
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time
V(6:) —V(0p1) = %@{Q_lgk - %5;?_1Q‘15k_1
= %(gk—l +7:€r)T Q7 (Oh-1 + yrer)”
— %52_1Q‘15k_1

= arfQ 161+ 8k7kQ 14

1
= &p(— 8k+vk) + ¢kQ¢k
i
2

. %(_rk_l +01 (@ —Q7)gr) + ——

k
= 8—’%(¢T(Q—Q‘1)¢)
r% k k

— 1(— — =
e 2 re—1 47‘k_1

ErVE

Chap. 11

(11.26)
(11.27)
(11.28)

(11.29)

(11.30)
(11.31)
(11.32)

(11.33)

In the disturbance-free case with v, = 0 for k=1,2,... we may conclude
that V(Hk) converges to zero if @ < @~ '. Moreover, modlflcatlon of the

textbook algorithm to

§k = ék—l + Yr€r

e = yh—0F Ok

Y = Qor/ri, R=Q">0
rk = rp1+ 0 Qo

is suitable in order to eliminate the restriction @ < Q!

©Rolf Johansson, 2008-2014
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Continuous-Time
Models

12.1 The DC-motor transfer function is

K K/J

Gols) = 757D ~ s+D/J

expressed in the the gain K, the moment of inertia  and the damping D.

a. Introduce the operator translation

so that

11—-4

Substitution of Eq. (12.1) into the transfer function gives

B K _ (Kt/d)A
o) = J11=% . p B 1+(—1+Q);L
T A J

and a suitable linear regression model is
D Kz

By determining the coefficents of Eq. (12.2) it is clear that it is possible
to to identify the parameters K /JJ and D /J. However, as multiplication of

83
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12.2

a.

12 Chap. 12

the transfer function numerator and denominator by any nonzero number
does not alter the original transfer function, it is clear already from Eq.
(12.1) that we cannot hope to estimate all three system parameters. Thus,
two of the three physical parameters are uniquely identifiable.

Assuming that there is a sinusoidal disturbance acting on the system

1

Y(s) = —ad(s)Y(s) + FASU(S) + 5

W(s)
where W(s) represents white noise with constant spectral density. Now

introduce the notch filter

_ s? + w?
82+ 28wos + w2

F(s)

where @, is chosen with respect to the intended sampling rate so that
wy < wy. Now introduce the filtered variables

Yi(s) = F(s)Y(s) (12.3)
Ur(s) = F(s)U(s) (12.4)

which satisfy the relationship

1

Yi(s) = —aA(s)Ys(s) + BA(s)Uy(s) + s2 + 2Ewos + W}

W(s)

Thus, application of the notch filter yields a linear regression model with a
spectral density of the noise that is close to constant up to the Nyquist fre-
quency @y. In addition, we may assume little bias of parameter estimates
to appear in least-squares estimation of & and f.

Sampling of the variables

y(t)
AM{u}(t) (12.5)
My}(?)
for the sequence of time instants ¢, to, t3,.... Application of the following

recursive identification algorithm

) = y(t) - (—A}(t) z{u}(tk))(%)w%ék_l (12.6)

_ Pr19rp" Py
1+ ¢]{Pk—1¢k
0, = 6,1+ Pk¢k8(tk) (12.8)

P, = P (12.7)
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i=sqrt(-1);
b=theta(2);
a=theta(1l);
Nplot=300;
w=logspace(-2.5,0.5,Nplot)’;
for k=1:Nplot,
G(k,1)=b/(i*xw(k) + a);
end;
subplot(211); xlabel(’Frequency [Hz]’)
loglog(w,abs(G)); title(’Bode diagram - Gain’);
subplot(212); xlabel(’Frequency [Hz]’)
semilogx(w,angle(G)); title(’Bode diagram - Phase’);

Listing 12.1 Frequency response of the continuous-time transfer function

G(s).

will provide estimates of

6 — (;) (12.9)

12.3 We chose Matlab”™ as a tool for implementing the requested frequency
response

In addition, if it is desireable to plot the errors

12.4 We consider the equations of rigid-body mechanics in the form of Euler-
Lagrange eqautions

d 0L, OL 1.,
adl _ 7 ) = = y — 12.10
7 aq) g~ Where L(g,9) = 54 M(9)q—Ul(q) (12.10)
where the partial derivatives are
oL
— = j 12.11
3 M(q)q (12.11)
oL 10, p L ou 10, ,p .
= = (™M ———— =Z_—(¢'M -G 12.12
3 5 8q(q (@)d) — 7 2 aq(q (9)9) — G(q) (12.12)

Expressed in term of the inertia forces M (q)g, the Coriolis and centripetal
forces C(q,q)q, the gravitation forces G(g) and the applied forces 7, we
have the force equation

T = M(q)d+C(q,4)d+ G(q) (12.13)
— Mg+ ((a.0d- 55" M(@)) +Gla)  (12:14)
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i=sqrt(-1);
b=theta(2);
a=theta(1l);
Nplot=64;
w=logspace(-2.5,0.5,Nplot)’;
for k=1:Nplot,
G(k,1)=b/(i*xw(k) + a);
end;
pA
% Estimate the error in the transfer function
b
% (epsilon is the sequence of residuals sampled with
% sampling period h)
b
[w,ful=DFT(u,h);
[w,fepsilon]=DFT(epsilon,h);
dG=fepsilon./fu;

b

% Bode diagram

h

subplot(211); xlabel(’Frequency [Hz]’)
loglog(w,abs(G),’-’,w,abs(G.*dG),’:’ ,w,abs(G./dG),’:’);

title(’Bode diagram - Gain’);

subplot(212); xlabel(’Frequency [Hz]’)
semilogx(w,angle(G),’-’,w,angle(G+dG),’:’,w,angle(G-dG),’:’);
title(’Bode diagram - Phase’);

Listing 12.2 Frequency response of the continuous-time transfer function
G(s).

Application of the linear operator

1

M) =1

gives the equation
d OL oL
a(l{a—q}) = /l{a—q} + {7}

From the operator algebra we find that

P _1, 1 1

Alp) = - (1- — Z(1-2
PAp) =y = (- ) = (1= 2)
Thus we find that
d OL 1 6L 1. 0L
& Mag Y = mag " ag
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and we verify that

To c'iq

= MG+ A5 + )

A kind of input-estimation algorithm can thus be suggested as follows

1 0L
— nxp '4
Mt} = P ——T } /1{—} P0, pe R Qe R

where 6 contains the unknown parameters of L(q, q).
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