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H∞-synthesis problem

Recall the DK -iteration

K -step: fix D(s), solve (H∞-synthesis)

min
K

∥∥∥∥∥Fℓ

([
D

I

]
P

[
D

I

]−1

,K

)∥∥∥∥∥∞
D-step: fix K (s), solve frequency-wise (convex program)

min
D∈DΠ,D,D−1∈H∞

σ̄(DFℓ(P,K )D−1( jω))



H∞-synthesis problem

Optimal H∞ control:

min
K

∥Fℓ(P,K )∥∞.

Suboptimal H∞ control: given γ> 0, find K such that

∥Fℓ(P,K )∥∞ < γ.

Riccati equation approach

Optimization approach

Model matching approach



The “DGKF” solution



The “DGKF” solution

G(s) =
 A B1 B2

C1 0 D12
C2 D21 0

 ,
ẋ = Ax +B1w +B2u
z =C1x +D12u
y =C2x +D21w

Assumptions:

A1 (A,B1) stabilizable, (C1, A) detectable;

A2 (A,B2) stabilizable, (C2, A) detectable;

A3 D⊤
12[C1 D12] = [0 I ];

A4
[

B1
D21

]
D⊤

21 =
[

0
I

]
.

Theorem

There exists a controller such that ∥Tzw∥∞ < γ iff:

1 X∞ ≥ 0 is a solution to the ARE

A⊤X∞+X∞A+X∞(γ−2B1B⊤
1 −B2B⊤

2 )X∞+C⊤
1 C1 = 0.

2 Y∞ ≥ 0 is a solution to the ARE

AY∞+Y∞A⊤+Y∞(γ−2C⊤
1 C1 −C⊤

2 C2)Y∞+B1B⊤
1 = 0.

3 ρ(X∞Y∞) < γ2.



The “DGKF” solution

Theorem (continued)
Moreover, when these conditions hold, all such controllers are given by

K = Fℓ(Kc ,Q) where

Kc =
 A∞ −Z∞L∞ Z∞B2

F∞ 0 I
−C2 I 0


F∞ =−B⊤

2 X∞
L∞ =−Y∞C⊤

2

Z∞ = (I −γ−2Y∞X∞)−1

A∞ = A+γ−2B1B⊤
1 X∞+B2F∞

and Q(s) is any stable proper transfer matrix s.t. ∥Q∥∞ < γ. For Q = 0, we get

K (s) =−F∞(sI − A∞)−1 Z∞L∞.

Algorithm

Given γ, test if the conditions of the theorem are satisfied; if yes,

decrease γ; otherwise increase. Proceed using bisection.



Differential game and worst case optimal control

ẋ = Ax +B1w +B2u

z =C1x +D12u

Consider the problem

min
u∈L2

max
w∈L2

1

2

∫ ∞

0
∥z∥2

2 −γ2∥w∥2
2dt

∫ ∞

0
∥z∥2

2 −γ2∥w∥2dt =
∫ ∞

0
∥C1x +D12u∥2 −γ2∥w∥2dt

by A3=
∫ ∞

0
x⊤C⊤

1 C1x +∥u∥2 −γ2∥w∥2dt

min
u∈L2

max
w∈L2

1

2

∫ ∞

0
x⊤C⊤

1 C1x +∥u∥2 −γ2∥w∥2dt

subject to

ẋ = Ax +B1w +B2u



Worst-case optimal control

min
u∈L2

max
w∈L2

1

2

∫ ∞

0
x⊤C⊤

1 C1x +∥u∥2 −γ2∥w∥2dt

subject to

ẋ = Ax +B1w +B2u

Define the Hamiltonian

H(x, p,u, w) = p⊤(Ax +B1w +B2u)+ 1

2

(
x⊤C⊤

1 C1x +∥u∥2 −γ2∥w∥2
)

Let V (x) = 1
2 x⊤X∞x (x is the IC), with X∞ ≥ 0 be the value function, then by

Bellman’s principle of optimality

0 = min
u

max
w

H(x,Vx ,u, w)

=⇒ A⊤X∞+X∞A+C⊤
1 C1 +X∞(γ−2B1B⊤

‘1 −B2B⊤
2 )X∞ = 0

and the optimal control

optimal control: u =−B⊤
2 X∞x := F∞x

worst case disturbance: w = γ−2B⊤
1 X∞x

Pure state-feedback control. However, we need output feedback, i.e.,

u = F (y(·)).



H∞-optimal observer

ẋ = Ax +B1w +B2u

z =C1x +D12u

y =C2x +D21w

Luenberger observer:

˙̂x = Ax̂ +B2u +L(ŷ − y)
ŷ =C2x̂
ẑ =C1x̂ +D12u

(w is not measurable!)

Error system, ξ= x − x̂, error output e = z − ẑ.

ξ̇= (A+LC2)ξ+ (B1 +LD21)w

e =C1ξ

min
L

max
w

1

2

∫ ∞

0
∥e∥2 −γ2∥w∥2dt



H∞-optimal observer

H∞-opt. obs.:
ξ̇ = (A+LC2)ξ+ (B1 +LD21)w
e =C1ξ

, min
L

max
w

1

2

∫ ∞

0
∥e∥2 −γ2∥w∥2dt

H∞-opt. contr.:
ẋ = Ax +B1w +B2u
z =C1x +D12u

, min
u∈L2

max
w∈L2

1

2

∫ ∞

0
∥z∥2

2 −γ2∥w∥2
2dt

⇕ (optimal u is shown to be state-feedback)

ẋ = (A+B2K )x +B1w
z = (C1 +D12K )x

, min
u∈L2

max
w∈L2

1

2

∫ ∞

0
∥z∥2

2 −γ2∥w∥2
2dt

Note

Tzw = (C1 +D12K )(sI − A−B2K )−1B1

and

Tew =C1(sI − A−LC2)−1(B1 +LD21)

⇒ T⊤
ew = (B⊤

1 +D⊤
21L⊤)(sI − A⊤−C⊤

2 L⊤)C⊤
1

Comparing T⊤
ew to Tzw , we get:



H∞-optimal observer

H∞-optimal observer gain

L∞ : =−Y∞C⊤
2

where Y∞ ≥ 0 solves

AY∞+Y∞A⊤+B1B⊤
1 +Y∞(γ−2C⊤

1 C1 −C⊤
2 C2)Y∞ = 0.



H∞ observer-based controller

ẋ = Ax +B1w +B2u

z =C1x +D12u

y =C2x +D21w

H∞ observer

˙̂x = Ax̂ +B1ŵ +B2u +Z∞L∞(ŷ − y)

where

u = F∞x̂︸ ︷︷ ︸
worst case optimal control

ŵ = γ−2B⊤
1 X∞x̂︸ ︷︷ ︸

worst cased disturbance

Z∞ = (I −γ−2Y∞X∞)−1︸ ︷︷ ︸
coupling compensation



The “DGKF” solution

Theorem (continued)

There exists a controller such that ∥Tzw∥∞ < γ iff:

1 X∞ ≥ 0 is a solution to the ARE

A⊤X∞+X∞A+X∞(γ−2B1B⊤
1 −B2B⊤

2 )X∞+C⊤
1 C1 = 0.

2 Y∞ ≥ 0 is a solution to the ARE

AY∞+Y∞A⊤+Y∞(γ−2C⊤
1 C1 −C⊤

2 C2)Y∞+B1B⊤
1 = 0.

3 ρ(X∞Y∞) < γ2.

Moreover, when these conditions hold, all such controllers are given by

K = Fℓ(Kc ,Q) where

Kc =
 A∞ −Z∞L∞ Z∞B2

F∞ 0 I
−C2 I 0


F∞ =−B⊤

2 X∞, L∞ =−Y∞C⊤
2 , Z∞ = (I −γ−2Y∞X∞)−1,

A∞ = A+γ−2B1B⊤
1 X∞+B2F∞

and Q(s) is any stable proper transfer matrix s.t. ∥Q∥∞ < γ. For Q = 0, we get

K (s) =−F∞(sI − A∞)−1 Z∞L∞.



Youla Parametrization

M , N ∈ RH∞ are right coprime (over RH∞) if ∃Xr ,Yr ∈ RH∞, s.t.

Xr M +Yr N = I .

M̃ , Ñ ∈ RH∞ are left coprime (over RH∞) if ∃Xl ,Yl ∈ RH∞, s.t.

M̃ Xl + Ñ Yl = I .

Let P be real rational.

right coprime factorization of P : P = N M−1, M , N right coprime;

left coprime factorization of P : P = M̃−1Ñ . M̃ , Ñ left coprime;

double coprime factorization of P : if P = N M−1 = M̃−1Ñ , and

Xr ,Yr , Xl ,Yl s.t. [
Xr Yr

−Ñ M̃

][
M −Yl

N Xl

]
= I .

Let P =
[

A B
C D

]
be proper, rational, then

[
Xr Yr
−Ñ M̃

]
=

 A+LC −(B +LD) L
F I 0
C −D I

 ,

[
M −Yl
N Xl

]
=

 A+BF B −L
F I 0

C +DF D I


is a double coprime factorization of P , where F,L are s.t. A+BF and

A+LC are stable.



Youla Parameterization: all stabilizing controllers

Theorem

Consider Fℓ(P,K ). Let [
Xr Yr

−Ñ M̃

][
M −Yl

N Xl

]
= I

be a double coprime factorization of P22. Then the set of all proper

controllers achieving internal stability is parameterized by

K = Fℓ(Kc ,Q)
where

Kc =
[−Yl X −1

l X −1
r

X −1
l −X −1

l N

]
=

 A+B2F +LC2 +LD22F −L B2 +LD22

F 0 I
−(C2 +D22F ) I −D22


and Q ∈ RH∞ is s.t. (I +V −1

0 NQ)( j∞) is invertible (A+B2F and A+LC2

stable).

Note: closed loop system:

Fℓ(P,Fℓ(Kc ,Q)) = Fℓ(P ⋆Kc ,Q).

Redheffer start products: P ⋆K , see [Chapter 9, ZD].



The Kalman–Yakubovich–Popov (KYP) lemma

G(s) =
[

A B
C D

]
The following are equivalent:

1 ∥G∥∞ < γ and A Hurwitz.

2 There exists X > 0 such that[
A⊤X +X A X B

B⊤X −γI

]
+ 1

γ

[
C⊤

D⊤
][

C D
]< 0.

3 There exists X > 0 such thatA⊤X +X A X B C⊤

B⊤X −γI D⊤

C D −γI

< 0.



Recall of state-space LFT

ẋ = Ax +B1w +B2u ẋK = AK xK +BK y

z =C1x +D11w +D12u u =CK xK +DK y

y =C2x +D21w +D22u

ẋcl = Aclxcl +Bclw
z =Cclxcl +Dclw

, xcl =
[

x
xK

]
Assume D22 = 0, then[

Acl Bcl

Ccl Dcl

]
=

 A 0 B1

0 0 0
C1 0 D11

+
0 B2

I 0
0 D12

[
AK BK

CK DK

][
0 I 0

C2 0 D21

]
The closed-loop parameters are affine in controller parameters.



Application of KYP

By KYP lemma

∥Fℓ(P,K )∥∞ < γ, Acl Hurwitz

⇕

∃Xcl > 0 such that

A⊤
clXcl +Xcl Acl XclBcl C⊤

cl
B⊤

cl Xcl −γI D⊤
cl

Ccl Dcl −γI

< 0.

Goal: find AK ,BK ,CK ,DK such that the above conditions hold.

Note:

AK ,BK ,CK ,DK fixed: SDP

Xcl fixed: SDP

Not jointly convex



A simpler case: state feedback

ẋ = Ax +B1w +B2u
z =C1x +D11w +D12u

state feedback u = DK x :
ẋ = (A+B2DK )x +B1w
z = (C1 +D12DK )x +D11w

A⊤
cl Xcl +Xcl Acl XclBcl C⊤

cl
B⊤

cl Xcl −γI D⊤
cl

Ccl Dcl −γI

< 0

⇕(A+B2DK )⊤Xcl +Xcl(A+B2DK ) XclB1 (C1 +D12DK )⊤
B⊤

1 Xcl −γI D⊤
11

C1 +D12DK D11 −γI

< 0

⇕X−1
cl

I
I

(A+B2DK )⊤Xcl +Xcl(A+B2DK ) XclB1 (C1 +D12DK )⊤
B⊤

1 Xcl −γI D⊤
11

C1 +D12DK D11 −γI

X−1
cl

I
I

< 0

⇕X−1
cl (A+B2DK )⊤+ (A+B2DK )X−1

cl B1 X−1
cl (C1 +D12DK )⊤

B⊤
1 −γI D⊤

11
(C1 +D12DK )X−1

cl D11 −γI

< 0



A simpler case: state feedback

X−1
cl (A+B2DK )⊤+ (A+B2DK )X−1

cl B1 X−1
cl (C1 +D12DK )⊤

B⊤
1 −γI D⊤

11
(C1 +D12DK )X−1

cl D11 −γI

< 0

⇕ (letting D̄K =:DK X−1
cl )(AX−1

cl +B2D̄K )⊤+ AX−1
cl +B2D̄K B1 (C1 X−1

cl +D12D̄K )⊤
B⊤

1 −γI D⊤
11

C1 X−1
cl +D12D̄K D11 −γI

< 0

affine in the variable (X−1
cl ,D̄K ), i.e.g, LMI! Once (X−1

cl ,D̄K ) has been found,

DK = D̄K Xcl .



Exercise

ẋ = Ax +B1w +B2u ẋK = AK xK +BK y

z =C1x +D11w +D12u u =CK xK +DK y

y =C2x +D21w +D22u

Derive the LMI formulation of

min
(AK ,BK ,CK ,DK )

∥Tzw∥∞.



Model matching approach

Model matching problem: given T1,T2,T3 ∈ RH∞

min
Q∈RH∞

∥T1 +T2QT3∥∞

Let [
Xr Yr

−Ñ M̃

][
M −Yl

N Xl

]
= I

be a double coprime factorization of P22.

Fℓ(P,K ) = P11 +P12K (I −P22K )−1P21

Youla parameterization: K = (MQ −Yl )(NQ +Xl )−1

=⇒ K (I −P22K )−1 = K [I − M̃−1Ñ (MQ −Yl )(NQ +Xl )−1]−1

= (MQ −Yl )M̃

=⇒ Fℓ(P,K ) = P11 +P12(MQ −Yl )M̃P21

= (P11 −P12Yl M̃P21)︸ ︷︷ ︸
T1

+P12M︸ ︷︷ ︸
T2

Q M̃P21︸ ︷︷ ︸
T3

.

Exercise: write a program to solve the problem.



H2-optimal control

min
K

∥Fℓ(P,K )∥2

H2-norm:

∥G∥2 := trE [z(t )z⊤(t )] = 1

2π

∫ ∞

−∞
tr[G( jω)G( jω)∗]dω

where w is a white noise of unit intensity.

LQR
min

u

∫ ∞

0
∥z(t )∥2dt =⇒ u =−B⊤

2 X∞x

X∞ ← A⊤X∞+X∞A+C⊤
1 C1 −X∞B2B⊤

2 X∞ = 0

Kalman-Bucy filter:

˙̂x = Ax̂ +B2u +L(y −C2x̂) =⇒ L =−Y∞C⊤
2

Y∞ ← AY∞+Y∞A⊤+B1B⊤
1 −Y∞C⊤

2 C2Y∞ = 0

Observer-based controller u =−B⊤
2 X∞x̂.

H2 is the limit of H∞ as γ→∞ =⇒ no robustness margin.


