Lecture 6

Mattias Grundelius

Modeling of Liquid Slosh for Control

The control problem is to move a container with liquid as fast
as possible without too much slosh.

No measurement of the slosh is available for feedback, there-
fore open loop control is the only possibility.

Open loop control requires a accurate model to be successful.

Tradeoff between design complexity and model complexity.

Modeling of Liquid Slosh

Navier-Stokes equations for a Newtonian viscous fluid

ap _ Mass
ot +V Hev) =0 <ba1ance>

p <d—" +(v w)v) ==Vp+ A+ V(Y )+ Vi + pf <balance

Force >
ot
p : density
v = (u, v, w) : flow velocity vector field
p & pressure
A : volume compression factor
M : Vviscosity
f=(f., f,. [.): external force vector field

Modeling of Liquid Slosh

Incompressible (A = 0) and inviscid (4 = 0) fluid gives the
Euler equations

V=0

ov 1

2t (vIV)v = —va+f

If the curl of the flow velocity field is zero (V x v = 0) there
exist a potential ¢ such that v = V. If the external force field

has a potential f = —VV we get

V=0 (Laplace)

Jp p 1 9 .
\v4 =
e + =+ 2| ¢“+V =C(t) (Bernoulli)

where C(¢) is an arbitrary function of time.

Liquid Slosh in a Rectangular Container

A rectangular container with width ¢ and depth & accelerated
with horizontal acceleration u(t) gives the following equations
y

Vip=0 (1)
(;)9_4;7 %+gy+u(t)(x—a/2) =Cc@) (2 ’
9:(£,0,5) =0 "
@ (ta,y)=0
@y(t,x,—h) =0 Ta

Use separation of variables and define ¢ as
Pt x,y) = T()X (%)Y (y)

and insert into (1).




Calculation of Mode Shapes
This gives

TOX" (Y () + TOX@Y'(5) =0 = o =—2 =)
And we get the following equations for the vertical and horizon-

tal modes

X"+AX =0 ,

X'(0) = 0 Y —AX =0
o Y'(=h) =0
X'(a)=0

A > 0 gives the only nontrivial solutions, this gives the
horizontal mode

X (x) = Acos VAx + Bsin VAx
X'(x) = —AVAsin VAx + BVA cos VAx

Calculation of Mode Shapes
Insertion of the boundary conditions gives

X'(0)=BVA=0 = B=0
X'(a) =—AVAsinVAa=0, A#£0 = A=

n?rt

a? ’

n=12,...

The vertical mode becomes

T m
Y(y) = Acosh %y—i—Bsinh %y
Y'(y) :Aﬂsinhﬂy—i—BﬂTcoshﬂy
a a a a

Insertion of the boundary conditions gives

B cosh 2Zh

h) — A inh ™ 4 B cosh h _
Y'(—=h) = Aasmhah—l—Bacoshah_O = A= Sinh A

Calculation of Mode Shapes

This gives the following mode shapes

X (x) = Acos el
a
B cosh %',
YO = s

n=12,...
coshﬂT(y-i-h)
a

which gives the potential

> ni ni
o(t,x,y) = Z cos —~x cosh 7(3/ + h)T,(¢)

n=1

where all constants are lumped together in T, (¢).

Calculation of Acceleration Response

Define S(t,x) as the surface elevation above the point (x, 0).

The pressure on the surface is equal to the pressure in the
medium above the surface, set C(¢) = =20,

Evaluation of (2) on the free surface gives

w +gS(t,x) +u(t)(x —a/2) = 0 3)

Differentiation with respect to time gives

0%t x,S(t,x)) 0%t x,S(t x))

- " 55y S(t,x) + gS(t,x) + u(t)(x —a/2) =0




Calculation of Acceleration Response

Assuming that S is small, neglecting the nonlinear term and
Ae(tx,S(tx))
S(t,x) = =5, gives

02¢(t, x C x
T 1 220 it —af2)

Insertion of ¢(¢,x,0) gives

00

Z (cosh hT”( t) + n(lng sinh naLth(t)> cos %Tx =—u(t)(x —a/2)

n=1

Fourier expansion of RHS gives

o]

Z (cosh nalhT,’l’(t) + n_r[g sinh ﬂT (¢ )) cos %Tx =

n=1

~2ai(t) Y =nr =1 nm
a

Calculation of Acceleration Response

The unigueness of the Fourier expansion gives the following
differential equations for T, ()

0, n even

T2 (6) + Wi (t) = {b 4O, nodd

with

TT¢ 7Th 4
wp =/ L tanh 2 b, = @
a a

n27? cosh %

Note that the applied acceleration only excites the odd modes.

Calculation of the Surface Elevation
Evaluation of (3) in x,, gives

S(t,xm) = -g (W +u(t) (o —a/Z))

Insertion of ¢(¢, x.,,0) gives

S(t,xm) = ( Z Cn (xm)T’(t)+u(t)(xm—a/2)>

=1, n od
with

niix, nith
cn(%m) = cos am cosh — - = 1,3,...

The model
A model describing the surface elevation in x,, is now given by
S ) B B G0 A
S(tixm) == (nlzn:md g Tm g | ul®)

where p is the differential operator %

Step response for different number of modes

n=1 n=3 n=7




Comparison with Real Slosh x10
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