Frequency Response, Relation Between Model
Descriptions

Automatic Control, Basic Course, Lecture 4

November 6, 2019

Lund University, Department of Automatic Control



1. Frequency Response

2. Relation between Model Descriptions



Frequency Response



Sinusoidal Input

Given a transfer function G(s), what happens if we let the input be
u(t) = sin(wt)?
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Sinusoidal Input

It can be shown that if the input is u(t) = sin(wt), the output! will be
y(t) = Asin(wt + ¢)
where

A=|G(iw)]
p = arg G(iw)

So if we determine a and ¢ for different frequencies w, we have a
description of the transfer function.

Lafter the transient has decayed



Bode Plot

Idea: Plot |G(iw)| and arg G(iw) for different frequencies w.
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Sinusoidal Input-Output: example with frequency sweep (chirp)
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Bode Plot - Products of Transfer Functions

Let
G(s) = Gi(s)G2(s)Gs(s)

then

l0g |G (i) = log |Gy(iw)]| + log |Ga(iw)| + log |Ga(iw)|
arg G(iw) = arg G (iw) + arg Gy(iw) + arg Gs(iw)

This means that we can construct Bode plots of transfer functions from
simple " building blocks” for which we know the Bode plots.



Bode Plot of G(s) = K

then

log |G (iw)| = log(|K])
arg G(iw) =0 (if K > 0, else + 180 or — 180deg)



Bode Plot of G(s) = K
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Bode Plot of G(s) = s”

G(s)=s"
then
log |G (iw)| = nlog(w)

arg G(iw) = ng
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Bode Plot of G(s) = s”
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Bode Plot of G(s) = (1+sT)"

If
G(s)=(1+sT)"
then
log |G(iw)| = nlog(\/m)
arg G(iw) = narg(l + iwT) = narctan (wT)
For small w
log|G(iw)| — 0
arg G(iw) — 0
For large w

log |G(iw)| — nlog(wT)

arg G(iw) — ng

11



Bode Plot of G(s) =
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Bode Plot of G(s) = (1 + 2(s/wg + (s/wp)?)"

G(s) = (1 + 2¢s/wo + (s/w0)?)"

For small w
log|G(iw)| — 0
arg(iw) — 0
For large w
. w
log |G (iw)| — 2nlog <>
wo

arg G(iw) — nm
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Bode Plot of G(s) = (1 + 2(s/wg + (s/wp)?)"
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Bode Plot of G(s) = e~

G(s) =e

Describes a pure time delay with delay L, i.e, y(t) = u(t — L)

log|G(iw)| =0
arg G(iw) = —wl
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Bode Plot of G(s) = e~
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Bode Plot of G(s) =

Same delay may appear as different phase lag for different frequencies!
Example

Delay ~ 0.52 sec between input and output.

(Upper): Period time = 27 =
6.28 sec. Delay represents phase

lag of 232 - 360 ~ 30 deg

T 1 (Lower): Period time = 7 =
/ 3.14 sec. Delay represents phase

lag of 2 i 1 - 360 ~ 60 deg.

4
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Bode Plot of G(s) =

Same delay may appear as different phase lag for different frequencies!
Example

Delay ~ 0.52 sec between input and output.

(Upper): Period time = 27 =
6.28 sec. Delay represents phase

lag of 232 - 360 ~ 30 deg

T 1 (Lower): Period time = 7 =
/ 3.14 sec. Delay represents phase

lag of 2 i 1 - 360 ~ 60 deg.
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Bode Plot of G(s) = e~

—0.52s

Check phase in Bode diagram for e for

e sin(t) = w = 1.0 rad/s
e sin(2t) = w = 2.0 rad/s

T
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>> s=tf(’s’)
>> G=exp(-0.52%s);
>> bode(G,0.1 ,5) % Bode plot in frequency-range [0.1 .. 5] rad/s
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Bode Plot of Composite Transfer Function

Example
Draw the Bode plot of the transfer function

o= 1222

First step, write it as product of simple transfer functions:
_100(s + 2)

— o -1 o o -2
G(s) = S(s £ 20)2 0.5-5s7°-(1+0.5s)-(1+0.05s)

Then determine the corner frequencies (break points):

WCl:Z W52:20
100(s + 2) 1T -2
— T4 _g5.571.(1405s)-(140.
G(s) S(s 1 2012 0.5-57"-(1+40.5s)-(1+ 0.05s)

Sort from LOW to HIGH frequencies:
Start with LOW frequencies

(make sure the other TFs asymptotically reduce to 1).
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Bode Plot of Composite Transfer Function

Wc1:2 W62:20
100(s + 2) =
G(s)==—""_"2=105-5 % - (1+05s) - (1+0.05s) >
(s) S(s 1 207 s (1 +0.5s) - (1+0.05s)
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Bode Plot of Composite Transfer Function
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Bode Plot of Composite Transfer Function
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Bode Plot of Composite Transfer Function
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Bode Plot of Composite Transfer Function
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Bode Plot of Composite Transfer Function
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Bode Plot of Composite Transfer Function
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Bode Plot of Composite Transfer Function
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Bode Plot of Composite Transfer Function
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Bode Plot of Composite Transfer Function
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Nyquist Plot

By removing the frequency information, we can plot the transfer function

in one plot instead of two.

0.5

Im G(iw)

—0.5
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Nyquist Plot

By removing the frequency information, we can plot the transfer function

in one plot instead of two.

0.5 .
)
o 0
E
—0.5 |- 8
L
0 0.5
Re G(iw)
Split the transfer function into real and imaginary part:
1 1 1 w

G = G 1 =] =] —
B)=1 W= 15w w2
Is this the transfer function in the plot above? 17



From Bode Plot to Nyquist Plot
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From Bode Plot to Nyquist Plot
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From Bode Plot to Nyquist Plot
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From Bode Plot to Nyquist Plot
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From Bode Plot to Nyquist Plot

Magnitude (abs)

Phase (deg)

10!
10°
1071
1072
1073
10°*

O3

—90
—180

—270 |-

|

107t 10°

10*

Frequency (rad/s)

o E
N

1

1072

107!

10°

10*

Frequency (rad/s)

102

Im G(iw)

05[
0
X
—0.5
L
—-0.5 0 0.5
Re G(iw)

18



From Bode Plot to Nyquist Plot

Magnitude (abs)
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Relation between Model Descrip-
tions




Single-capacitive Processes

Singularity chart Step response
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Multi-capacitive Processes

K

(ST1+].)(ST2+1)
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Integrating Processes

Singularity chart
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Oscillative Processes T
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Delay Processes

Step response

Nyquist plot Bode plot
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Process with Inverse Responses —satl

(ST1+1)(ST2+1)

Singularity chart Step response
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This lecture

1. Frequency Response

2. Relation between Model Descriptions

Next lecture

e Feedback - The Steam Engine
e Stability
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