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1. Consider the following model that describes digestion

dstol = —k1 - Gsto1 +u
Gsto2 = K1+ Gsto1 — K2 * Gsto2
QQ = ko + Gsto2 — k3 - dg
-9

Yy v,
where v is the amount of ingested carbohydrates per time unit, ggo1 is the
amount of glucose in the solid stomach compartment, gso2 is the amount of
glucose in the liquid stomach compartment, g, is the glucose mass in the intes-
tine and y is the measured concentration of glucose in the gut. Model param-
eters k1, ko, k3 and V; are all positive and constant and described in Table 1.

Table 1: Description of model parameters in Problem 1

Parameter Description
k1 rate of grinding, min—!
ko rate of gastric emptying, min—!
ks rate of intestinal absorption, min—!
Vg volume of gut compartment, 1
a. Draw a schematic of the compartment model. (1p)

b. The values of the rate constants differ between different types of meals. Suppose
that a meal A is digested faster than another meal B. Which parameter(s)
would you expect to change and how between meal A and B? (0.5 p)

c. Assume that ks and ks are known. Is k; identifiable? Motivate your answer.

(Ip)
d. Let u(t) = 0. Then, for a specific type of meal, the half-life of gsto1 is 30 min.
Determine k;. (1p)

e. The remaining parameters have the following values; k» = 0.02 min~!, k3 = 0.5
min~! and V; = 1 1. Determine which of the two step responses (1 or 2) shown
in Figure 1 that is given by the system. Motivate your answer. (0.5 p)

Ry - Step resp. 1|

R — Step resp. 2

0 100 200 300 400 500 600 700
t

0

Figure 1: Step responses for Problem 1, subproblem d.
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Solution

a. A schematic of the compartmental model is given below:

ks

b. Digestion is faster if parameters k1, ko and ks are larger.

c. The transfer function of the system from u to y is

o _ 1 ki - ko
ye Vg (S+k‘1)($+k2)(8+k3)'

If k5 and ks are known, it is possible to identify k;. This can, for instance, be
done by first determining V, from the static gain, and then identifying ki by
letting the input signal be a sinus with a fixed frequency.

d. With u(t) = 0, the differential equation becomes

Gstol = —k1 * Gstol s

and the solution is
Gstol (t) = Coeiklta

where Cj is a constant. Given that the half-life is 30 min, we get

1
700 — Coefk1'30
2
which yields
log 2
ky = %% ~ 0.02 min_.

e. The static gain of the system is given by

11
Gpu(0) = ——=2.
The step response corresponding to this static gain is Step response 2, given by
the dashed line. Furthermore, the system has no imaginary poles. Thus, there
can not be any oscillations (which further rules out Step response 1).

2. The dynamics of a specific system is given by the following non-linear differ-
ential equation

14
é+%—z:\/u—|—1,
z

where u is the input signal and the output signal is given by y = 22 + u?.
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a. Introduce states 1 = z and 29 = Z and find all stationary points (2, 29, u°, ).

(1.5 p)
b. Linearize the system around the stationary point corresponding to u" = 3.
(1.5 p)
Solution
a. .
Ty = 2o (= filz,u))
4
) x
Br=—S ot Vutl (= foleu) (1)
1
— 2 2 —
y=ari+u (=9(z,u))

Thus, from the first equation in (1) we get :zzg = 0. Further, x5 = 0 inserted in

the second equation gives

0=z +Vu+1. (2)
The stationary points are (29,29, u’) = (—v/t+1,0,t), where t > —1. In sta-
tionarity the output signal is given by y° =t + 1 + ¢2.

b. u® = 3 gives the stationary point (z9,29,u°, 4°) = (-2,0,3,13). The partial
derivatives are

df1 df1 9f

D, =0, Dt =1, o 0,

dfo 5 0 fa 3 dfs 1

i R T A TR N E R S

88:51:21“1, 8852:0, %:2%

Introduce new variables

Az =z —2°,
Au=u—1u°, (3)
Ay =y -y

The linearized system is given by

. 0 1 0
Amz[ :|AIL‘+|:1:|A’LL
10 1
Ay=[—-4 0]Az+6Au

(4)

3. Assume that you have two neurons described by the following differential equa-

tions
dV;
Cmd—tl =—gWVi—E)+wm
dV-
CmdftQ = —g2(Vo — E2) + us

where Vi is the membrane potential of the first neuron, V5 is the membrane
potential of the second neuron and u;, ¢ = 1 and 2, are external input currents.
The parameters of the model are given in Table 2.
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Table 2: Description of parameters in problem 3

Parameter Description Value
Chm, membrane capacitance 1 [uF/cm?]
g1 membrane conductance of neuron 1 0.5 [mS/cm?
Fy equilibrium potential of neuron 1 -60 mV
g2 membrane conductance of neuron 2 0.8 [mS/cm?
By equilibrium potential of neuron 2 -60 mV

a. Perform a variable transformation AV, = Vi — E; and AV, = Vo — E5 and
write down the new system of equations. (1p)

b. Connect the two neurons in line 1 — 2 with the input to neuron 2 being
ug = AV1/2 and the input to neuron 1 being u; = I.,¢. Assume that you can
measure the membrane potential of neuron 2, i.e., y = AV,. Write the system
on state-space form. (1p)

c. Determine the amplitude of the oscillations of the membrane potential of neu-
ron 2 when I . (t) = 3sin 2t. (1.5 p)

Solution

a. Since F; and F, are constants, the new system of equations becomes

dAV;
Cro="t = —g1. AV,
i g1 1+ up
dAV;
Cm dtQZ_QQ'AVQ‘f‘UQ-

b. With uw; = Iep, ug = AVy/2 and y = AVhs, the new system of equations

becomes
dAV;
Cmil = —g1- AVvl + Iext
dt
dAV;
Cn—y 2= gy AVa+ AVL/2
y=AVs.

The state-space representation with state vector AV = [AV; AV |7 is then

. 1 —qg1 0 1 1>
AV = — AV + —— I,
Chm ( 0.5 —92> Crn (o ¢

A B
y=(0 1)AV.

——
c

c. With matrices A, B and C defined in the previous subproblem, the transfer
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function is given by

G(S)ZC(SI—A)—lgzc}m(O 1)<s+g1 0 >—1C1m<1>

—0.5 s+go 0
B 1 S+ g2 0 1
REECETI A ”( 0.5 s+gl><o>
- 0.5
C(Cn)(s+ag1)(s+g2)
Now, 0
Gliw)| = &

(Cm)*V/w? + giv/w? + g3
and with w =2, g1 = 0.5, go = 0.8 and C,;, = 1 we get

0.5
G(2i)| = ———= = 0.11.
1G(20) V4.25v/4.64

The amplitude of the oscillations is then 3-0.11 = 0.33, as ez (t) = 3sin(2t).

4 a. Consider the system
s+1
G pu—
P(s) s(s —4)
in negative feedback interconnection with a P-controller G¢(s) = K. For which
values of K does the closed-loop system become asymptotically stable? (1 p)
b. Consider the system
_ LAY 4
T = x u
-1 -2 -2
y=(1 —-2)=z.
Determine L and [, in the state-feedback control law
u(t) = —Lx +lr
such that both poles of the system are placed in —2 and that the stationary
gain is 1. (2 p)
c. The following system
Go— 1
P (s+01)2
is to be controlled by a P-controller. You get to choose between two different
P-controllers (1 or 2). The sensitivity functions given the two controllers are
given in Figure 2. The criteria are that disturbances with frequencies below 0.1
rad/s should be attenuated and no disturbances should be amplified by more
than a factor of 10. Motivate your answer. (1p)
Solution
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Bode Diagram

Magnitude

10-3 - - Sens. func. 1| |
——Sens. func. 2
103 102 107" 10° 10" 102

Frequency (rad/s)

Figure 2: Bode Diagram for Problem 4, subproblem c.

. The transfer function for the closed loop system is

Go(s)Gp(s) K(s+1) K(s+1)

() = T Go(5)Gr(s) 55—+ K(s +1) 24 (K —Ds T K

The system is asymptotically stable if
(K—4)>0 and K >0.
Hence it is stable if K > 4.
. Let L=1(1; lI3), then with the proposed feedback law, we get that
A

. <—1—4l1 —4ly ) < 4 >
T = T+ Lyr,
—1+20L; =242l —2

and the system has the characteristic polynomial

det(sI — A) = (s + 1 +4l1) (s + 2 — 2la) + 4lo(—1 + 21y)
=52+ (3+ 4l — 2ly)s + 8l — 6y + 2.

We want the system to have both poles in —2; i.e., the characteristic polynomial
should be (s + 2)2 = s% + 45 + 4. Matching the coefficients yields

344l -2, =4
8l1 —6la+2=14

and hence I} = 1/4 and lo = 0. Finally, the static gain is given by

GO)=C00-IT—A)'Bl,=(1 -2) <f (2)>_1 (_42) l,

Hence [, = 1/5.
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c. Sensitivity function 2 amplifies a disturbance with a frequency around 10 rad/s
more than 10 times. Hence, it is only sensitivity function 1 that fulfils the
specifications.
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5.  Assume that the concentration of bacteria, x, in a jam pot is decreasing with
a constant rate a times the concentration and increasing with a constant rate
b times the concentration squared.

a. Write down the differential equation of the concentration of bacteria x.
(0.5 p)

b. Estimate the model parameters a and b given the measurements in Table 3.
(1.5 p)

Table 3: Measurements in problem 5

Concentration of bacteria Rate of change

0.1 -0.1
1 -3.5
1.5 -0.4
3.6
3 11
Solution
a.
& = —azx + bx?
b. Denote y = &. Then,
Y1 —z1 a3
Y2 —z9 T3
Y=y |=| —23 23
Ya —z4 T3
Ys —Z5 1’%
N———
®

where y1, ..., y5 are the measurements given under Rate of change and x1, ..., x5
are the measurements given under Concentration of bacteria, in Table 3. The
estimates are then determined as follows

(5) =@y (G0)

Three systems, (G1, G2 and (3, are connected as shown in Figure 3.

a. Determine the transfer function from wu to y. (1p)

b. Determine the pole(s) of the system when the subsystems are given by

1

G =

Is the system stable?

GQ(S) =3

and

1
s+4°
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G1 GQ

G

Figure 3: Figure to Problem 6.

c. Determine and sketch the step response of the system and mark the value of
the static gain by a dashed line. (1.5 p)

Solution

a. The transfer function from u to y is given by
Gyu = G3 + GG + G3Gy.

b. With the given subsystems, the transfer function becomes

1 3 1 4

yu_s+4+s+3+(s+3)(s+4) s+3

The system has a pole in —3. Notice the pole-zero cancellation of the pole in
—4.

c. When the input signal is a step, U(s) = 1/s, the output signal is given by

as can be seen by (14) in the collection of formulae. The step response of the
system is given in Figure 4, black line, with static gain marked by dashed red
line.

10
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1.5}

Figure 4: Step response for the system in Problem 6 in black, and static gain marked
by dashed red line.

7.

The following differential equations describe the dynamics of the epidemiolog-
ical model denoted the SIS-model

dsS
& 8IS 441
7 BIS + v
dl

where S(t) is the fraction of susceptible people and I(t) is the fraction of
infected people, at time ¢ > 0. Furthermore, 5 > 0 and v > 0 are positive
constant parameters and the initial state is given by S(0) = 0.8 and 1(0) = 0.2.

. Show that S(t) + I(t) = 1 for all times ¢ > 0. (1p)
. Find the stationary points of the SIS-model, denoted (SO, IO). (1.5 p)

. Explain qualitatively (i.e., in words) what happens with the system if g = 0,

given the initial condition stated above. (1p)

. In Figure 5, the phase portrait of the dynamics described above is shown to-

gether with four trajectories. Decide which of the four trajectories (A, B, C or
D) that is the correct one, given the initial state. Do not forget to motivate
your answer. (1p)

Solution

a. Using the fact that

as dI
— 4+ —=-p1 1 1S5 —~I =
pr BIS +~I + BIS —~ 0,

it follows that
S(t)+ I(t) = C,

11
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Phase portrait for the SIS model
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Figure 5: The phase portrait and the trajectories for Problem 7.

where C' is a constant. We know that for time ¢t =0
C=50)+1(0)=08+02=1

and thus, S(¢) + I(t) = 1.

12
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as

= _—BIS+~I=0
i BIS +

dI

— =BIS —~I =0
7 B g

gives that I(8S — ) = 0. Using the fact that I(t) + S(t) = 1 for all ¢, two
stationary points can be derived

(8%,1%), = (1,0) and (8°,1°), = (v/B,1~~/B).
. If 8 =0 the model becomes

dsS
DAY §
a
dl
— =—~l.

at ~ !

Given that the system starts in (S(0), 1(0)) = (0.8,0.2) the fraction of infected
people will decrease from 0.2 to 0 while the fraction of susceptible people will
increase from 0.8 to 1 (as S(¢) + I(t) = 1 for all ¢). More specifically, the
infected people will get susceptible and no susceptible people will get infected,
i.e., there is only a flow from compartment I to compartment S as v > 0.

. The trajectory should start in (0.8,0.2), so it can not be B. Moreover, it can
be seen from the phase portrait that all trajectories will be straight lines, so
it can not be D either. Trajectory A is going in the opposite direction to the
phase portrait for S < 0.5, so the correct trajectory is C.

13
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Good Luck!

14



